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Abstract. Given any polynomial g(q) £ we construct a functor W 9 ' 9 ' from the 

category of Z[q]-algcbras to that of commutative rings. When g(q) = q and q is specialized 
into an integer m, it produces a functor W m from the category of commutative rings 
with unity to that of commutative rings. In particular, at m = 0, it coincides with the 
big Witt ring functor W due to Cartier under a suitable adjustment of the range. In 
order to demonstrate the structure of W 9 9 and W m , we also introduce functors such as 
A 9(9) , B 9(9) , A m , B m (m £ Z) . Here A and B° have close connection to the A-ring functor 
A due to Grothendieck and the necklace ring functor Nr due to Metropolis and Rota, 
respectively. Functorial and structural properties concerned with induction, restriction, 
classification up to strict isomorphism and unitalness will be investigated intensively. 
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1. Introduction 

The big Witt ring functor W of Cartier [2j was introduced as a generalization of the 
classical p- typical Witt ring functor W p of Teichmiiller and Witt [3U] . Since its birth, it had 
remained as a mysterious object for a long time due to its bizarre structure. For instance, 
even their value at the ring of integers had been veiled until the beginning of nineteen- 
eighties. The necklace ring was contrived by Metropolis and Rota [12] in their study of Witt 
vectors as a combinatorial model of the big Witt ring over a certain class of rings. To be 
precise, given a commutative ring A with unity, they defined a commutative ring structure 
on the set of infinite sequences, that is A N , so that the addition is denned componentwise 
and the multiplication is defined in the following way: 

(a n )n€N ■ (b n )neN — (cn)neN, where c„ = 2J (hj) a ih- 

[hj]=n 

Here denotes the least common multiple of i and j, the greatest common divisor 
of i and j, and N the set of positive integers, respectively. The ring thus defined is called 
the necklace ring over A and is usually denoted by Nr(A). Going further, they proved that 
iVr(Z) is isomorphic to W(Z) by using the combinatorics of necklace polynomials. 

In their seminal papers OH], Dress and Siebeneicher interpreted iVY(Z) as the Burnside 
ring of the profinite completion of the multiplicative infinite cyclic group G, which led them 
to construct the Witt-Burnside ring functor Wg attached to each profinite group G such 
that 

(1) Wp = W, (2) W dp = W p , and (3) W G (Z) = 0(G). 

Here C denotes the profinite completion of C, C p the pro-p-completion of C, and f2(G) the 
Burnside ring of G, that is, the Grothcndicck ring of those discrete G-spaces X for which 
the cardinality of {/-invariant elements in X is finite for every open subgroup U of G. 

Regarding to the structure of the Witt-Burnside ring over a A-ring, a notable result was 
published in [T3J [14] , where the author constructed a functor, denoted by Nr G : A-Rings — > 
Rings, such that 

Here Rings denotes the category of commutative rings with unity, A-Rings the category of 
A-rings, and ^R iri g' s ngs the forgetful functor assigning to each A-ring R its underlying ring R. 

The present paper concerns the generalization of Wg and Nrc- In [15], it was shown 
that for each integer m there exist functors W m ,NrQ : Rings — > RINGS such that 

W 1 = Cn?s o W and Nr l G = ° Nr G . 

Here RINGS denotes the category of commutative rings and tR^s the natural injection from 
Rings to RINGS. Very recently, in [17], Ntq was extended to a functor Bq : ^-Rings — > 
RINGS for each integer m with 

Nrh = S G | A _ Ring5 . 

For undefined notations, see Section [2~2| 

The main objective of this paper is to extend the theory concerned with W and B^,. 

First, we construct a functor W 9 ^ : Z[q]-Algebras — > RINGS attached to each polynomial 
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g(q) G Z[g]. When g(q) = q and q is specialized into an integer to, it gives a rise to a functor 
W m : Rings — > RINGS. This process can be illustrated well in the following diagram. 

W 9 : Z[g]-Algebras -)• RINGS 

q<t-~ >m 

W m : Rings -)• RINGS 

At to = 0, it coincides with W when it is viewed as a functor from Rings into itself. On the 
other hand, in the context of Witt vectors, it is well known that 

w = C ss ° A - 

where A denotes the A-ring functor due to Grothcndieck (see Section 12. 3[) . Motivated by 
this fact, for each polynomial g(q) £ Z[g], we construct a functor A 9 ^ 9 ' such that 

(1) A 9i9) = W 9(9) , (2) A m = W m (m e Z), (3) A = F^f o A. 

Here A m denotes the functor obtained from A q by specializing q into an integer to. 
Second, as a generalization of B\, we construct a functor 

B 9{9) : Z[q] <g> <5-Rings ->■ RINGS, 

where Z[g] (X) \I/-Rings is the category of Z[g]-algebras equipped with a "f-ring structure with 
^ n (q) = q n for all n > 1. The morphisms are Z[g]-algebra homomorphisms compatible with 
^/-operations. We also introduce B m : ^-Rings — > RINGS for each integer to. It should be 
noted that it cannot be obtained from B 9 by specializing q into m. Then one easily sees that 
B° = Bg. These functors have close connection to \N 9 ^ and W m . Indeed we show that 

W 9(<?) o F^ ] g ® A - Rings = B 9i9) \ z[q] A . Ring5 for all g{q) G Z[q] and 

W '" ° ^Ringr 5 = B m U-Rings for all TO 6 Z. 

Here Z[q] ® A-Rings is the subcategory of Z[q] ® ^-Rings such that the objects are 1\q\- 
algebras equipped with the A-ring structure with ip n = for all n > 1 and the morphisms 
are Z[g]-algebra homomorphisms preserving A-operations. 

This paper is organized as follows. In Section [21 wc introduce prerequisites necessary to 
develop our arguments. In Section [3J we construct W 9 ^ for each g(q) G Z[q] and W m for 

each integer to G Z. We also classify \N 9 ^ and F^^ s o W 9 ^ up to strict-isomorphism as 
g(q) ranges over Z[g]. The classification of W m and F^\ GS ° W m up to strict-isomorphism 
will also be provided as to ranges over the set of integers. In Section 21 we provide func- 
tors A 9 ' 9 "* and A m which arc equivalent to W 9 ' 9 '' and W m , respectively. Some new bases of 
Q[q] <g> Az and Z[g, Cg> Az will be also given, where Az is the ring of symmetric functions 

in infinitely many variables with integer coefficients. In Section [SJ wc construct B 9 ' 9 "* and 
B m and classify them up to strict-isomorphism. Moreover, in Sec 15.41 structure constants of 

B 9 ^ and B Tn will be intensively investigated. These are particularly interesting due to their 
connection to Mobius-like functions. In Section [51 we study functorial and structural prop- 
erties of the functors introduced in the previous sections. To be more precise, we deal with 
induction, restriction, and the conditions for the unitalness. In Section [71 we demonstrate 

the connection between W 9 ' 9 ' and B 9 ' 9 ' and that of W m and B m . As an application, wc give 
a ring theoretical interpretation of the product identities recently introduced by Kim and 
Lee [9] (see Remark Q} . 
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2. Preliminaries 

Here we introduce definitions, terms, and notations which will be required to develop our 
arguments. 

2.1. Pre-A-rings, A-rings, and "J-rings. For the clarity we will use the character R for 
pre-A-rings, A-rings, and "f-rings. On the other hand, the character A will be used to denote 
a commutative ring. 

2.1.1. A pre-X-ring R is a commutative ring with unity, 1r (or simply 1), together with a 
series of operations A™ : R — > R, (n = 0, 1, 2, . . .), such that, for all x,y £ i?, 

n 

(1) X°(x) = 1 R , (2) A 1 (a;) = x, (3) X n (x + y) = £ X r {x)X n ^(y). 

r=0 

Let i? and R' be pre-A-rings. A ring homomorphism / : R — > R' with f(ln) = 1r> is called 
a pre-X-ring homomorphism if A™(/(x)) = /(A™(x)) for all a; £ i? and all n > 0. Given 
an element x £ R, we define At (a;) to be the formal power series X^^Lo A n (a;)i™, where t is 
an indeterminate. The third condition in the above implies At (a; + y) — Xt{x)Xt{y) for all 
x, y £ R. 

Given a positive integer n, we define the nth Adams operation, i\) n : R — > R, so that 
(— l) n ~ lr ij) n {x) is the coefficient of ^logA t (x), that is, 

, oo 

^logX t (x) = J2(-l) n - 1 r(x)t n -\ VxER. (2.1) 

n—l 

It is easy to show that ip 1 is the identity function and ip n is additive for all n > 1. Comparing 
the coefficient of either side of Eq. (|2.1[) yields the well known Newton's formula: 

n-i 

J2 {-l) i i> n - i {x)X i {x) + {-l) n nX n {x) =0, Vx£ R, Vn > 1. 

i=0 

Utilizing this formula repeatedly, one can deduce that ip n (x) is a polynomial in A 4 (a;) (1 < 
i < n) with integer coefficients. To be more precise, for each positive integer n, there exists 
the unique polynomial Q„ £ Z[ti, . . . , t n ] with ip n (x) = Q n (X 1 (x), X 2 (x), . . . , A"(x)). Hence 
every pre-A-ring homomorphism preserves Adams operations. 

2.1.2. Naively speaking, a A-ring R is a pre-A-ring with very special properties for X n {xy) 
and A n (A m (ai)) for all x,y £ R and m, n > 1. For more information on A-rings, refer to 

pa ei ia ma H3i H3i eh . 

Let X = {xi : i > 1} and 1" = {y; : i > 1} be the infinite sets of commuting indeterminates 
Xi and yi (i > 1), respectively. We call these sets alphabets. Let us introduce the following 
operations on alphabets: 

X + Y = { Xll y % :i>l}, 

X • Y = {xiyj :i,j> 1}, and 

A" 1 (A) = {x^ • • • x im : h < i 2 < ■ ■ ■ < i m } (m > 1). 

Let h n (X) be the nth complete symmetric function in Xi (i > 1) and H{X,t) the associated 
generating function, that is, 

oo oo 

H(x,t) = J2h n (x)e = H T — t . 

n=0 i=l 1 
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Lemma 2.1. ([Ij) With the above notation, we have the following. 

(a) For each positive integer n, h n (XY) G Z[hi(X), . . . , h n (X); h\(Y), . . . , h n (Y)]. 

(b) For all positive integers m and n, h n (A m (X)) G Z[hi(X) : 1 < i < mn]. 

Let P„ G Z[si, . . . , s„; ii, . . . , t n ] be the unique polynomial with 

P n {hi(X), . . . , h n {X); h x <y), . . . , /i n (F)) - K(XY) 
and P n ,m G Z[sj : 1 < i < mn] the unique polynomial with 

PnMhi(X), h mn (X)) = h n (A m (X)). 
Definition 2.2. A pre-X-ring R is called a X-ring if the following conditions are satisfied: 

(1) At(lfl) = lji + t • 

(2) For allx,y eR andn>0, X n (xy) = P„(X 1 (x), . . . , X n (x); X 1 (y), . . . , X n (y)). 

(3) ForallxeR andm,n>{), X n (X m (x)) = P„ tm (X 1 (x), . . . , X nm (x)). 

2.1.3. A "fy-ring R is a commutative ring with unity together with a series of operations 
\&™ : R —> R (n > 1) such that, for all x,y G i? and m,n > 1, 

(1) ^(x) = IE, 

(2) *™(x + y) = ® n (x) + *"(y), 

(3) *»(l fl ) = 

(4) = and 

(5) (x)) = 

Let i?, i?' be VP-rings. A ring homomorphism / : R —> R' with /(lfl) = 1r' is called a fy-ring 
homomorphism if ^™(/(x)) = f(^ n (x)) for all ieiJ and all n > 1. 

Example 2.3. (a) Every commutative ring with unity admits the structure of a \&-ring 
with = id for all n > 1. 

(b) Every A-ring admits the structure of a \&-ring where VP" is given by the nth Adams 
operation for all n > 1. 

It is quite interesting to note that ^-operations can be interpreted as Adams operations 
of a A-ring in some cases. 

Proposition 2.4. ([20]) Let R be a ^-ring which has no 7L-torsion and such that ^ p (a) = a p 
(mod pR) if p is a prime. Then there is the unigue X-ring structure on R such that the 
\&" (n > 1) are the associated Adams operations. 

2.2. Categories and forgetful functors. In the present paper, we deal with many kinds 
of ring categories and forgetful functors. Here we collect all of them for the understanding 
of the readers. 

(1) Let Abel be the category of abelian groups and group homomorphisms. 

(2) Let RINGS be the category of commutative rings (not necessarily unital) and ring 
homomorphisms . 

(3) Let Rings be the category of commutative rings with unity and unity-preserving ring 
homomorphisms . 

(4) Let Z[g]-Algebras be the category of Z[g]- algebras with unity and unity-preserving 
Z[q]-algebra homomorphisms. Here q is an indeterminate. 

(5) Let Pre-A-Rings be the category of pre-A-rings and pre- A-ring homomorphisms. 

(6) Let A-Rings be the category of A-rings and pre- A-ring homomorphisms. 

(7) Let "f-Rings be the category of ^-rings and "f-ring homomorphisms. 
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(8) Let Z[g] ® "f-Rings be the category of Z[g]-algebras that are equipped with a st- 
ring structure with *& n (q) — q n for all n > 1. The morphisms are Z[g]-algebra 
homomorphisms compatible with ^-operations. 

(9) Let Z[g] <g> A-Rings be the subcategory of Z[q] <E> 'J'-Rings such that the objects are 
Z[<7]-algcbras equipped with the A-ring structure with tp n = ^f n for all n > 1 and 
the morphisms arc Z[<7]-algebra homomorphisms preserving A-operations. 

Let Fg 1 : Ci — > 62 be the forgetful functor assigning to each object R in Ci the object R 
in C2. For instance, we will use the following forgetful functors. 

(1) Let fRj n g' s ngs : A-Rings — > Rings be the forgetful functor assigning to each A-ring R its 
underlying ring R. 

(2) Let i^ngg" 85 : \I r - Rings — > Rings be the forgetful functor assigning to each "f-ring R 
its underlying ring R. 

(3) Let F^ { GS : RINGS — > Abel be the forgetful functor assigning to each commutative 
ring A its underlying abelian group A. 

(4) Let F^g S Algebras : Z[g]-Algebras — » RINGS be the forgetful functor assigning to each 
Z[q] -algebra A its underlying ring A. 

Finally, when 6 is a subcategory of D, the notation t^, : C — > D denotes the natural 
injection induced by the assignment A —> A. On the other hand, for a functor & : D — > D', 
the notation J£"|e : C — >• D' denotes the restriction of & onto C. 

2.3. Witt ring functor and necklace ring functor. Finally, let us review basic defini- 
tions and notation on the ring- valued functors W, A, and B very briefly. To do this we need 
gh : Rings — > Rings which is the unique functor defined by the following conditions: 

(1) As a set, gh(A) — A N = {(a„)„ eN : a„ 6 A for all n > 1}. 

(2) Addition and multiplication are defined componentwise. 

(3) For every unity-preserving ring homomorphism / : A — > B and every a € gh{A) one 
has gh(f)(a) = f o a. 

The following characterization on the big Witt ring functor is due to Carticr. 

Proposition 2.5. ([5]) There exists the unique functor W : Rings — > Rings satisfying the 
following conditions: 

(1) As a set, W(A) = A N . 

(2) For every unity-preserving ring homomorphism f : A — > B and every a £ W(A) one 
has W(/)(q) =foa. 

(3) The map, $^4 : W(A) — > gh(A), (a n ) r «=N >— > \^Zd\n^ a d I , is a ring homomor- 
phism. 

It should be mentioned that the assignment A >— 5- $a induces a natural transformation 
$ : W — > gh. Next, we introduce Grothendieck's A-functor. More information can be found 
in [TJ [7J IHJ [TUl H31 El- Given a commutative ring A with unity, let A(A) be the set of all 
formal power series of the form 

00 

1 + a n t n , a n e A for all n > 1. 

Grothcndicck showed that A (A) can have a A-ring structure with respect to the operations 
defined in the following manner: 

(1) Addition, +a, is the usual product of power series. 
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(2) Multiplication, xa, is given by 

(OO \ / OO \ OO 

l + £a n f l x a 1 + E M " = 1+ J2 P n (ai,...,a n ;b 1 ,...,b n )t n . 
n=l / \ n=l / n=l 

(3) For each nonnegative integer m, the mth A-operation, A" 1 , is given by 

(OO \ OO 

1 + E a nt U = 1+ J2 P n,m(ai, • • • : «nm)*" • 
ri=l / n=l 

For the definition of P n and P n , m , refer to Section fe.l.ll Given a unity-preserving ring 
homomorphism / : A — > B, define A(/) : A(A) — > A(B) by 

A(/) 1 + = l + ]T/«)f\ 

y n>l / n>l 

It is easy to see that the assignment (A, /) M> (A(A), A(/)) induces a functor A : Rings — > 
A- Rings. But, since the present paper is mainly concerned with the ring structure of A (.A), 
we frequently use f R in g' s ngs ° A instead of A. 

The functor Fp in g' s ng5 o A has the characterization similar to Proposition [53] To introduce 
it, we need Gh : Rings — > Rings which is the functor defined by the following conditions: 

(1) As a set, Gh(A) = A[[t}} = {£ n >i a n t n : a n e A}. 

(2) Addition and multiplication arc defined componentwise, that is, 

£ a n t n + I £ b ^ n = £(«« + M* n , 

n>l J \n>l J n>l 

^ri>l J yn>l y n>l 

(3) For every unity- preserving ring homomorphism / : A — > B and every a S G/i(A) 
one has Gh(f)(a) = f o a. 

With this preparation, the following proposition can be stated. 

Proposition 2.6. (JTUHJUU]) With the above notation, F^-^" gs o A : Rings — > Rings is the 

unique functor satisfying the following conditions: 



(1) As a set, [f^ ss o a) (A) = {1 + Z n >i a n t n : a n 6 A}. 

(2) For every unity-preserving ring homomorphism f : A — » B , one has 

o A) (/) : (F^r o A) (A) -> (i^ s o A) (B), 1 + E ^ 1 + £ /(«-)*"■ 

(3) TTie map, 

V ' n>1 1 +2^n>l a n t 



j>1 



is a ring homomorphism. 
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Given a commutative ring A with unity, let 

®a : W(A) -> o A) (A), (a„) neN h- J] (7^ 



n>l 



It is well known that the assignment A i— > induces a natural isomorphism O : W — > 
^Rings" 83 ° ^ (f° r instance, refer to [7]). 

In the rest of this subsection, we introduce the functor B : ^-Rings — > Rings. In 1984, 
Metropolis and Rota [12] introduced the necklace ring functor Nr such that 7Vr(Z) is iso- 
morphic of W(Z). Here, given a commutative ring A with unity, Nr(A) denotes the ring 
A N such that the addition is defined componentwise and the multiplication is defined by 

(a„)„ eN • (o„)„ eN = | ^2 (h.j) a ibj 

In [T3], the author constructed Ntg ■ A-Rings —> Rings for each profinite group G. In 
particular, if G = C, the profinite completion of the multiplicative infinite cyclic group C, 
and i? is a A-ring, then Nr^(R) turns out to be the ring R N such that the addition is defined 
componentwise and the multiplication is defined by 

(on)neN • {b n )nen = ^2 (i, {ai)ipf (bj) 

The subsequent proposition tells us that Nrg can be extended to the category of Vf-rings. 

Proposition 2.7. ([13) There exists the unique functor B : <5 -Rings — !> /?/V)gs satisfying the 
following conditions: 

(1) ,4s a set, B(iZ) = i? N . 

(2) For every ty-ring homomorphism f : R —> S and every a G B{R) one has B{f)(a) = 
f ° ol. 

(3) The map, ip R : B(R) -> ( 9 Aof| n ^) (iJ), (a„)„ eN (£,,,„ dtt* (a*) 



rmj homomorphism. 



, is a 



One can easily see that the addition of B(R) is defined componentwise and the multipli- 
cation is defined by 

(<ln)neN • {K)n<m = ^ (h (a*)* 7 (63 ) 

Lemma 2.8. ( [141 Section 3]) Let x be an indeterminate and E the X-ring freely generated 
by x. For every positive integer n, let M(x,n) = i Yldln n{d)ip d {x^ ) . Then M(x,n) G 
Z[A*(a;) : 1 < i < ra]. 

Given a A-ring i? and an element r G R, let 7r : E —y R be the unique A-ring homomorphism 
with 7r(x) = r. Finally, we define M(r, n) to be 7r(M(x, n)) for all n > 1. Given a A-ring i?, 
define t r : W o F^ ngs (ii) -> by 

((an)neN) = y^,M(a d ,n/d) 
The following theorem demonstrates the relationship between W and B. 
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Theorem 2.9. ([5j 1.9.3] and [EHE]) The assignment tr induces a natural isomor- 

^X-Rin^ 
Rings 



phism t : W o F^'" gs ->■ B\\. Rings . 



3. (^-DEFORMATION OF WlTT RINGS AND ITS SPECIALIZATIONS 

Hereafter q denotes an indeterminate and g(q) an polynomial in 7L\q\. The purpose of this 

section is to introduce two functors W 9 9 , A 5 9 : Z[g]-Algebras — > RINGS which are naturally 
equivalent to each other. When g(q) = q, by specializing q into an arbitrary integer to, we 
derive functors W m , A m : Rings -> RINGS. 

Definition 3.1. (a) Let p be a prime. For any nonzero integer a, we define ord p (a) to be 
the p-valuation of a, the exponent of p in the highest power of p dividing a. 

(b) Let q be an indeterminate and m an integer. For each positive integer n, we let 

l-q n „ i 

W, := ~r^- = l + q+--- + q n -\ 
1-q 

[n] m := 1 + toH hm™" 1 . 

Although the following lemma is very elementary, it plays a crucial role in our arguments. 

Lemma 3.2. Let n be a positive integer and p any prime divisor of n. 

(a) Let k > 1. For any polynomial /(xi, . . . , x&) £ Z[xi, . . . , Xk], we have 

f(^,...,4)p=f( Xl ,...,x k ) n (mod^(")). 

(b) Let to be an integer. For any divisor d of n, we have 

d(l - mt) = d(l - mf3) (mod p md ^). 
Proof, (a) For the verification of our assertion it suffices to show that 

f(x p 1 ,...,xir' =f( Xl ,...,x k y' +1 (modp' +1 ) 

for all nonnegative integers I. Since f(xi, . . . , Xk) p = /(xf , . . . , x p k ) (mod p), the assertion 
holds when 2 = 0. If / > 0, assume that our assertion holds for all positive integers less than 
I. Letting 

f(x\,...,xlY 1 ' 1 =f(x 1 ,...,x k /+p l s 
for some integer s, we have 

/K, . . . , xlY = (f( Xl , x k f + p l sY = f( Xl , x k y l+1 (mod p l+1 ). 

The second modular equivalence follows from the binomial expansion formula. 

(b) First, assume that p is coprimc to to. If ord p (<i) = ordp(n), then there is nothing 
to prove. In case where ord p (d) < ord p (n), the desired result follows from the modular 
equivalence 

^ p ord p („)-o r d p (d) _ ^o r d p („)-o r d p(£i )-l ^ p Old p ( n )-Old p (d)Y 

If to is a multiple of p, then the assertion is straightforward since dq^ = dqp^ = 
(mod pHW). □ 
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3.1. q-Deformation of Witt rings. Let F = Z[g] [x n , Vn : n > 1]. Given a polynomial 
g(q) G Z[q], consider the map 

*S : (Q ® F) N -> (Q ® F) N , (a„)„ eN ( d(l - g(q)^)a] 

\d\n 

Let X = (x n ) n £f$ and Y" = (y n ) n eN an d then define S n , P n (n > 1) via the following relations: 



c£|n 



9(9) 



s d 

3 d 



9(9) 




(3.1) 



Multiplying either side of Eq. (|3.1[) by 1 — g(q), one can see that 

$ Q®F((Sn)neN) = $q®f(X) + $Q® F (r) and 

*S=((P»)neN) = ^Sf(^) • ^q|f(^)- 

We also let I = (l n )neN be the unique clement of (Q <E> F) N such that 




I" 



= for all n > 1. 



9(9) 



i\n J \ d\n 

Let us multiply either side of Eq. f|3.2p by 1 — g(q) to get 

^qSw + *£f(i) = o. 



(3.2) 



(3.3) 



Utilizing the mathematical induction on n, one can easily see that S„, P„ G Q[ i g(g)] [a^, : 
d\n] and l„ G Q[g(q)] [xd '■ d\n] for all n > 1. The subsequent lemma is a key ingredient in 

the construction of W 9 9 . 

Lemma 3.3. For each positive integer n, it holds that S n , P n G Z[g(g)] [xd, JJd ■ d\n] and 
l n G Z[g(q)][xd : d\n]. 

Proof. We will prove only P„ G Z[g(q)][xd,yd '■ d\n] since the others can be treated in the 
same way. If g{q) = 1, then P„ = for all n > 1. Indeed it can be verified by applying the 
mathematical induction on n to Eq. (|3.1|) . So, from now on, we will suppose g(q) ^ 1. When 
n = 1, then our assertion is obvious since Pi = (1 — g(q))xiyi. If n > 1, then assume that 
our assertion holds for all positive integers less than n. Note that for all n > 1, 



i(l-fl(?))P n = (l>(l-fl(9) 9 )&! ] [£<i(l-ff(g)*)vf ) -^d(l- ff (g)t)Pl. 

d|n 



din 



(3.4) 

First, we note that the induction hypothesis shows that the right hand side of Eq. (|3.4[) is 
contained in (1 — g(q))1\g{q)][xd,yd '■ d\n]. Second, let us show that it is divisible by n. 
We will do this by using the mathematical induction on n. Let p be any prime divisor of 
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n. Ignoring all the terms with ord p (cQ = ord p (n), one can derive the following modular 
equivalence: 

n(l-g(q))P n 

Y,d (l - g{q)^) xj ] [ d (l - g(q)^) yj ) - E d C 1 - -9(9) f ) p ! ( mod P° rdp(ri) ) 



E rf (!- OK?)")**) E d ( X - 0?(<Z) P ) S ) 



- (.9(9) p )^) (PS)* (modp° 



■dp(n) n 



By Eq. (|3T4j) . the term 



(3.5) 



En 1- En 1 - (9(q) p )^) (y p d )^ 



is equal to 



E<z(l-(<?(<?) P )> 

1 u 



P(J 3( 



d 3(9)^8(9)'' 



V 



where Pdl s<9)^s(<!)p denotes the polynomial obtained from by replacing g(q),Xi,yi by 
g(q) p 7 x\ , yf , respectively, for every divisor z of d. Therefore, Eq. (|3.5p can be simplified as 



l {l-g{ q ))P n = Y J d(l-{g{qY)^ 



f 




\ 










(mod p OTd p(")) 




V Vi^i I 







(3-6) 

For each divisor d of n/p, the induction hypothesis implies that Pd G %,[g(q)][xi,yi : i\d]. 
Hence we can use Lemma H^la) to deduce that 



„ordp(,i)-ordp(d)-l 



d\ S(9)^S(<!)P 



pp;r dp ( „,-„ r dp (d , _ q {modp0ldp(n) _ olMdh 



and thus 



/ 

Pd \ S(9)-»S(9) P 



PJ=0 (mod p°'dp(n)-ordp(d)^ 



So we can conclude that the right hand side of Eq. (|3.6[) is divisible by 

p ord p (n)_ Sincc p ig 

arbitrary, it follows that n(l — g(q))P n is divisible by n. 

For the justification of our assertion, we have to prove that the right hand side of Eq. (|3.6j) 
is divisible by n(l — <?(<?))• Choose any prime divisor p' of nil — g{q))- 

Case 1: (p 1 , 1 — g{q)) = 1 or (p' , n) = 1 
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There is nothing to prove since (1 — g{q))P n ,nP n 6 Z\g(q)][xd,yd ■ d\n]. 
Case 2: (p' , 1 - g(q)) = (p» = p' " 

Since g(q) ^ 1, we can write l—g(q) as —p' l g{q) for the unique g{q) £ Z[q] with (p' ,g(q)) = 
1. For every divisor d of n, let ^ = p' ord p'("' _old p'( d ' s with (s,p') = 1. Because 



= 1 - ((1 +/.9(g)) p '° rV< " >_0rV<d) ) s ) = (mod p '-<VC™)-° r <V (37) 



It implies that the right hand side of Eq. (|3.4p is divisible by p' old p' < - n ( 1 ~ 9< - q }> anc l thus n(l — 
g(q))Y n is also divisible by p /or< V W 1 - - ^ 9 )) . From Case 1 and Case 2 it follows that Y n £ 
Z[g(q)][x d : d\n}. 

In the same manner, we can show that S rl £ Z[g(q)] [xd, yd ■ d\n]. To be more precise, 
S„ - (x n +y n ) £ Z[g(q)][x d ,yd ■ d\n,d < n] 
for all n > 1 since the coefficient of x n ,y n in S„ equals 1, respectively. Combining the 



which follows from Eq. (|3.3|) . with the induction hypothesis that \d £ *Z[g(q)][xi : i\d] for all 
positive integers d less than n, we finally conclude that 

\ n + x n £ 7j[g(q)][xd '■ d\n with d < n]. 



it holds that 



ordp' (d(l — g(q) d )) > ord p / (d) + ord p > (n) — ord P ' (d) + I = ord p ' (n) + I. 



identity 




This completes the proof. 



□ 



Example 3.4. Let p be a prime. Then 





p(l - g(q))x p y p + (1 - <?(<?) P )Kj/p + x p y{) + (\p} g{q) Eti [ -f(~9(l)Y 
2(1 - g(q))x 2 y 2 + (1 - g{q) 2 )(x\y 2 + x 2 y\) + (,g( g ) - g{qf)x\y\ 



x\y\ if p is odd, 



ifp = 2, 




if p is odd, 
{l + g{q))x\ lip = 2. 



Set eh 

■ — 'rings ° 9^- With this notation, we can derive the following generalization of 
Witt vectors. 



Theorem 3.5. Given any polynomial g(q) £ 1\q\, there exists a functor, V\f 9 : Z[q]-Algebras — > 
RINGS, subject to the following conditions: 



(1) As a set, 1/1/ (A) = A K . 

(2) For every r L\q\-algebra homomorphism f : A — > B and every a £ one has 



\A/ 3[q \f)(a) = foa. 
(3) The map, 



¥^ : W^(A) -> (gh o F§?f* eb ™) (A), M„ eN £ d (1 - ff fo)*) of 
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is a ring homomorphism. 
If g(q) ^ 1, then l/l/ 9 ^ is uniquely determined by the conditions (l)-(3). 

Proof. First, let us show the existence of W 9 ^. Let F = Z[q][x n ,y n : n > 1], X = (x n ) n& jq 
and Y = (y n )neN- Given any Z[g]-algebra A, dchnc W (A) to be the ring A N whose ring 
operations are defined in such a way that for any elements (a„)„ £ N, (bn)neN € W 9 ^(A), 

(a n )neN + (bn)n&l = (S n *d^ a d )n£N, 

Bd-^d 

{o-n)n£N ' (^n)nGN = (Pn I x d^ a d )n£Ni 
Bd rti >d 

— ( a n)ri€N = (Ira Ix^i-Mid )neN- 

In addition, define morphisms as in (2). Then one easily sees that the assignment A i— > 

\N 9 ^ 9 \a) induces a functor W 9 ' 9 ' : Z[q]-Algebras —5- RINGS, satisfying the conditions (l)-(3). 

For the second assertion, assume that g(q) ^ 1 and W 9 9 is a functor satisfying the 
desired conditions (l)-(3), where the third condition says that the map 

$f):W s(9 \A)^(ghoF£ Algebras ) (A), M„ eN ^ [ -*(«)*) af 



''I' 



is a ring homomorphism. For any Z[g]-algebra A, let 



id A : W 9(9) (A) -> W 9(9) (A), (6„) nGN ^ (6„)„ eN . 

We claim that A t— s> id^ induces a natural isomorphism id : W 9 ' 9 ' — > VJ 9 ^ . In verifying our 
claim, the only nontrivial part is to confirm that id a is a ring homomorphism. In case where 

A = F it is obvious since $f^\ $f are injectivc (since g(q) ^ 1) and •J' 9 / 9 '' = o idp. 
From now on suppose that A is an arbitrary Z[g]-algcbra. Given any elements a = (a n )neN 
and b = (6„)„eN of W 9 9 (A), note that 



id A (a - b) = id A [ P n |* d ~a d = P n |*<i«-«d 

y V Vd^ b d J ri£N / V ^d^d/nGN 

Now, we compute idyi(a) • id^b). Let 7r : F — > A be the unique Z[g]-algebra homomorphism 

- 9(9) 

with x n 1 y a ni y n n> b n for all n S N. By the functoriality of W we have the ring 

homomorphism W 9 ^(7r) : W 9 ^(F) -> W 9 ^(A) with X = M> a and Y = (y n ) \-> b. 
Therefore it holds that 

id A (a) ■id A (b) = a-b = W 9(9) (7r)p0 • W 9(9) (7r)(y) = VV 9(<?) (n)(X ■ Y). 
Now, let us replace X ■ Y by (P„)„gN to get 

id A (a) ■ id A {b) = (tt(P„)) N = ( P n \^y J 

It says that \d A {a ■ b) = id A (a) ■ id A (b). In the same way as the above, we can show that 
id A (a + b) = I S„| *d^°-d J = id A (a) + id A (b). Consequently id,4 is a ring homomorphism. 
This completes the proof. □ 
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Observe that the assignment A h-> induces a natural transformation : \N 9<,q ^ —} 
gh o F^g S Mgebras ^J ■ For the verification, let / : A — > B be an arbitrary Z[q]-algebra homo- 
morphism. Then the diagram 

W 9( V) fgh ° ^t^i (A) 



W fl(9) (B) (ghoFg 5 Algebras )(S) 



is commutative since 



d (l — .g((?) d ) /(ad) d (since / is a Z[g]-algebra homomorphism) 

= $f oV? l,) (/)(( a „)„ eI ). 

Remark 3.6. The third condition of Theorem 13.51 can be sharpened a little more. Indeed 
the first equation in (|3.ip implies that the third condition can be divided into two parts in 
the following manner: 
(3-1) The map, 

:C GS o^ (,, (A) 



(tin) 




is an abelian group homomorphism. 
(3-2) The map, 

^:W iq \A)^(ghoF§^ s )(A), (a„) neN ^ (]>>(1 - ^af 

\d\n 

is multiplicative. 

This description turns out to be very useful in studying the abelian structure of \N 9 ^ (A). 

Furthermore, by mimicking the proof of Theorem 13.51 one can show that F^^ 5 o \N 9 ^ is 
the unique functor satisfying the conditions (1), (2), and (3-1) for all g(q) G Z[g]. It should 
be mentioned that the condition g(q) ^ 1 is not necessary in proving the uniqueness. 

3.2. Specializing q into integers. It is quite interesting to note that one can specialize 
q into an arbitrary integer m in Theorem 13.51 In fact this specialization makes sense since 
it is compatible with ring homomorphisms. Let us explain it in more detail. Let A, B be 
Z[g]-algcbras and let / : A — > B be a Z[g]-algebra homomorphism. Denote by 

q t— > m, A\q^f m , B\q^, m , and f\qi->m 

the specialization of q into m, the ring obtained from A by the specialization q i-> m, the 
ring obtained from B by the specialization q i-> m, and the ring homomorphism obtained 
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from / by the specialization q \— > m, respectively. Then the following diagram 

A — > B 



I 



is obviously commutative since for all x <E A, 

((q i — ^ m) o /)(<7 • x) = (q h- > • f(x)) = mf{x) and 

(/g^m o (q h-> m))(g • x) = f qh + m (mx) = m/(x). 

Denote by W m : Rings — > RINGS the functor obtained from W 9 by specializing q into m. 
Let us explain it in more detail. For any commutative ring A with unity, \N m {A) means the 
ring defined in such a way that for any elements (a n ) n £^, (6 n )ngN G W m (yl), 



(dn)neM + (frn)nGN = S ra «- 



(a„)„ G N • (b n ) n en = I P«| x q d ^ d I > an d 

\ Vd^ b d / rl£ N 



— K)n£M = I In ) 

The following corollary is straightforward by Theorem 13.51 

Corollary 3.7. Given an integer m, 1/1/™ : Rings — > RINGS satisfies the following conditions: 

(1) As a set, W m (A) = A N . 

(2) .For every unity-preserving ring homomorphism f : A — > B and every a € W n (A) 
one has W n (f )(a) = f o a. 

(3) The map, $^ : (a„) neN fedln^ 1 ~ ™ 5 ) a l) . * s « ™n S 
homomorphism. 

Furthermore, if m ^ 1, then it is uniquely determined by (l)-(3). 



Proof. The first assertion can be derived from Theorem 13.51 by specializing q into m. For 
the second assertion, assume that W is a functor satisfying the desired conditions (l)-(3). 
To begin with, let us investigate the ring operations of W (F), where F = Z[x„, y n : n > 1]. 
Since m ^ 1, $Jf is injective, the third condition implies that 

id F : W' n (F) -> W m (F), (6„)„ eN (6 n ) neN 

is a ring isomorphism. The rest of the proof can be done exactly in the same way as in 
Theorem [331 □ 



Remark 3.8. (a) As in Remark 13.61 the third condition in Corollary 13.71 can be rephrased 
in the following manner: 

(3-1) The map, ($ ab )^ : F^ s o\AT(A) -> F™f s ogh(A), (a„)„ eN ^ (Z d \ n d[$\ m 4 
is an abelian group homomorphism. 

(3-2) The map, <§f } : \AT(A) -> gh(A), (a„) neN H- (£ d|n d(l - <?(?) f )af) 
multiplicative. 



n£N 
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(b) Let m be an integer. In the same way as in Corollary 13.71 we can derive a functor, 
ings -> RINGS, by specializing q into m. Let us denote this functor by \N 9{m > . 
To see that this notation is well defined, let us assume that g(m) = g'(m') = k for some 
g(q),g'(q) G 2%] — {1} and m,m' G Z. Then it is obvious that 



w 



9(3)1 



w 



3(9), 



I gi-4-m' ■ 



(c) It should be noted that W'" is not W m but \N 9iq) with g(q) = m. 

Example 3.9. Let us investigate the cases where m = 0, 1, —1 in more detail, 
(a) Let m = 0. Then, for each commutative ring A with unity, we have 



$° A : W°(A) -> gh(A), (a„)„ eN ^ £ da] 

\ d\n 

Hence W°(A) W(A) and W° is naturally equivalent to i^wks 
(b) Let m = 1. Specializing q into 1 in Eq. (|3.ip yields 



jqi— ^1 



EN 



E S <*l«Un Si 1,^.1 - :ri 



2/1, 



»1 = ~ E Pdlg^p Pllg^l— 0. 



(3.8) 



■/ „ 

d<r 



The second equation of (|3.8[) shows that P„| ? h^i = for all n > 1. On the other hand, 
the first equation of (|3.8[) implies that F^^ GS o W 1 : Rings — > Abel is the unique functor 
satisfying the following conditions: 

(1) As a set, F™"* o W X (A) = A N . 

(2) For every ring homomorphism f : A ^ B and every a G -F/\be| GS one has 
i ? A R bei GS °W 1 (/)(a)=/oa. 

(3) The map, ($ ab )i : F^ s oW\A) -> (F™, GS o gh) (A), (a„) neN ^ (£ a 
is an abelian group homomorphism. 

However, since ("J^b)^ is a bijection for every commutative ring A with unity, it follows that 
(^ab) 1 : -FAbd GS wl ~* ^Abe| GS ° gh is a natural isomorphism. 

(c) Upon substitution of —1 for m, Eq. (|3.ip is simplified as follows: 



;d\n a d 



net 



gi->~ 1 



\ 



E dx l + E 



/ 



V* 



- E dS dl?^-i> 



/ 



E dP 4—i- 



d<r. 



7lP„|^-l = 2 J2 dX d E d »«f 

y 5 is odd y y 3 is odd y 

For instance, if n = 2 fc , (k > 1), then S n | gh ->_i = + y n and P n | qi _>-i = 2nx n yv 
3.3. Classification theorems. 
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3.3.1. Here we classify W^ 9 ' and F^^ o W 9 '' 9 '' up to strict-isomorphism as g(q) varies 
over Z[g]. 

Definition 3.10. Suppose that g(q) and h{q) range overZ[q]. 

(a) We say that is strictly isomorphic to h/ 1 ^ if there exists a natural isomorphism, 
say lu : W (q) V? {q \ such that ¥ 9(?) = ¥ M?) o u . 

(b) We say that F^^ s o H/ 9 ' 9 ' is strictly isomorphic to F^^ s o l/l/ 1 ^ if there exists a 
natural isomorphism, say u) : F™ N e f s o -> F™ N e f s o W (a) , suc/i tfcai = o w. 

Proposition 3.11. Lei g(q),h(q) £ Z[g]. TTiera l/l/ 9 ^ is strictly isomorphic to w/^ 9 if and 
only if h(q) = g(q) or h{q) = 2 — g(g) wii/i g(g) ^ 1. 

Proof. (=>■): Let _F = Z[g][x„ : n > 1]. By assumption there exists a ring isomorphism 
lu f : W 9(9 V) -> W h{q) (F) satisfying that 

£d(l- <K«)*)4 = £d(l- h ^)yJ, (n > 1), (3.9) 

d\n d\n 

where (y„)„eN = w f ((i n ) n£N ). 
Case -Z: g(g) = 1 

For all n > 1 we have Edln^ 1 ~ %)^)yf = °- If %) ^ 1, tncn y„ = for all n > 1. 
This is obviously a contradiction since is a bijection. Thus /i(g) should be 1. 
Case 2: g{q) ± 1 

When n = 1, Eg. (|3.9|) is reduced to (1 — g{q))x\ = (1 — h(q))y 1 . Hence y t is divisible by 
x\. If we let yi = x\a for some a£F, then (1 — g{q))x\ = (1 — h(q))xia and thus 1 — g(q) is 
divisible by 1 — h{q). In the same manner we can show that 1 — h(q) is divisible by 1 — <?(g). 
As a consequence, 1 — g(q) = ±(1 — h(q)). If g(g) 7^ /i(g), then 1 — (7(g) = —(1 — h(q)), that 
is, h(q) = 2- g(q). 

(<=)■ In case where /i(g) = g(q) we can take w as id. From now on, we suppose 
h{q) 7^ g(q) ■ To begin with, note g(q) 7^ 1 since h(q) = 2 — g(q) = 1. Also we note 
1 — h(q) — —(1 — g{q)). As before, let F — Z[q][x n : n > 1] and A = (cc„)„ 6N . For each 
positive integer n, define y„ via the following recursive relation: 

- n(l - g(g))y n = £d(l - S («)«)a;| - £ d(l - (2 - ff(g))3)yf , (n > 1). (3.10) 

din d l™ 

We claim that y„ £ Z[<?(g)] [xd ■ d\n] for all n > 1. When n = 1, it is clear that yj = — xi. If 
n > 1, assume that our assertion holds for all positive integers less than n. Exploiting the 
induction hypothesis, it is easy to see that the right hand side of Eq. (|3.10[) is contained in 
(1 — g(q))Z[g(q)][xd ■ d\n]. In the following, we will see that it is also divisible by n. Choose 
any prime divisor p of n. Note that 

-n(l - g(q))y n = £d(l- (g(q) p )^)K)^ - £ d(l - (2 - 9 {q))^){f d )^ (mod p°^~>). 
d\& d|2 

But, by replacing n and <;(g) by n/p and g(q) p , respectively, in Eq. (|3.10[) . we can deduce 
that 

£ d(l - ( 5 (g) p )^)(^)^ = £d(l - (2 - (y„U~.c.»> ) . 

d|g dp \ « , / 
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Consequently we have 
-n(l-g(q))y n 

= d(i - (2 - g(q) p )^) (y d \ ) - - (2 - s(g))3)(yS)* (mod p^M) 

p p 

^rfM2- 5(g) p )^) ((ydUw-.w- ) Pd - (y^J 

- £d ((2 - 0(g)* )# - ((2 - g(q)T)^) {f d )^ (mod p° rd »(»)). 
For each divisor d oi n/p, Lemma l3.2f a) implies that 

(y d \ B <,w«>* ) ^ - (y?)* = o ( m( > d p OTd *W-° rd *W) 

and 

(2 - .9((?) P )53 - ((2 - g{q)) P )^ = (mod p oTd p (n)-ord p (d)^ 

since (2 - gr(g)P) - (2 - g(g))? = (mod p). Therefore -n(l - ff(g))y„ = (mod p ord p( n )) 
and thus — n(l — <?(g))y„ = (mod n) since p is an arbitrary prime divisor of n. 

For the justification of our claim, we have to prove that the right hand side of Eq. (|3.f 01) 
is divisible by n(l — g(q)). This can be done in the same way as in the proof of Lemma 13.31 
(more precisely, refer to Case 1 and Case 2). 

Now, we are ready to construct the desired natural transformation. Given a Z[g]-algcbra 
A, let 

u> A : \N 9iq) (A) -> W 2 ~ 9(9 V), K)neN h> (y n \ XM ) 
Obviously uja is a bijection since the coefficient of x n in y n equals 1. One can verify in 
a routine way that the assignment A h- > uja induces a natural isomorphism ui : \N 9 ^ — > 
V\/ 2 99 satisfying = o u). This completes the proof. □ 

Lemma 3.12. Suppose that p is a prime and f(q) G Z[g]. Then p\l — /(g) i/ and onZy z/ 

Pllp]/(«)- 

Proof. Suppose p|l — /(g). If /(g) = 1, then [p]/( g ) = p, so it is divisible by p. If /(g) ^ 1, 
let us write 1 — /(g) as —p a f(q) with (p, /(g)) = I and a > 1. Then the desired result follows 
from the following modular equivalence: 

I - f(q)P = 1 - (1 + P a f(q)) p = (mod p a+1 ). 

For the converse, assume p\[p]f( q )- Obviously p\l — f{q) p and thus p\l — f{q p ). Letting 
/(g) = ao + dig + • • • + a m q m , the above condition implies that I — do, Oi, <X2> • " ' , a m are 
divisible by p. Consequently p divides I — /(g). □ 

Recall that a nonzero polynomial k(q) E Z[g] is called primitive if the only integers that 
divide all coefficients of k(q) at once are ±1. With this definition, we can derive the following 
classification. 

Proposition 3.13. Let g(q),h(q) G Z[g]. Then o l/l/' 9 ' is strictly isomorphic to 

^4fae/ GS ° ^ tf an d on ks if 1 — 5(g) = c \k{q) and I — /i(g) = C2&(g) /or some Ci,C2 G Z 
and fc(g) G Z[g] smc/i that 

(I) ci and C2 have the same set of prime divisors, and 



WITT RING ATTACHED TO A POLYNOMIAL 



1!) 



(2) k(q) is primitive. 

Proof. (=>■): Let F = 7,[q][x n : n > 1]. By assumption there exists a ring isomorphism 
lj f : \N 9{q) (F) -)■ W Hq \F) satisfying 



y f for all n > 1, 



where (y n )„ e pf = wj?((o;„) n gN). When n is a prime p, it can be easily verified that 

bk_bk I? . ( 3.ii) 

It implies that [p} g ( q ) — [p]h(q) is divisible by p. Set 

1 - g(q) = ciq a g(q) and 1 - %) = c 2 q b h(q), 

where cx,c 2 S Z, a, 6 € Z>o, and g(q),h(q) are primitive polynomials with a positive con- 
stant term. Then the assertion that ci , C2 have the same set of divisors follows from the 
equivalences 

, , x by Lcmma l3. 121 r 1 by Eq |3.1l1 , r 1 by Lcmma l3. 121 , 7 / \ 

P|l -#(<?) P\lP\g(q) <=^? P\[P\h(q) ' P|l -few- 

Next, we will show that a = b and g(q) = ±h(q). In the following, suppose p\ \ — g(q) (so, 
p\l — h(q)). In particular, c\ and C2 are nonzero. Because p|<?(a) p_1 — [p]h(q)i it obviously 
holds that p\(l - h(q))g{q)P - (1 - <?(g))(l - %)?). Applying g(q)P = g(qP) (mod p) and 
h(q) p = h(q p ) (mod p) yields 

p\{c 2 q h h{q)){ Cl qV a g{qV)) - (c iq a g(q))(c 2 qP b h(qP)). 

For simplicity, set g(q) = ao + aig + • • • + a s o s and h(q) = bo + b\q + ■ ■ ■ + b t q l , where ao, bo 
are nonzero. It is not difficult to see that 

(c 2 q b h(q))(c iq P a g(qn) - (dq a g(q))(c 2 q pb h(qP)) 
= c lC2 q* a+b J2 \ E aAU fe - C ic 2 a Q+pb £ 

fc>0 \pi+j=k J 

We first claim a = 6. If not, assume a > b. Then the coefficient of q a+p& equals c^ao&o- 
Since p is an arbitrary prime with p \ 1 — g(q), we may assume that p is sufficiently large. 
Under this assumption, the condition p|ciC2ao&o forces a = or b = 0, which is absurd. 
In the same manner, we can derive a contradiction when a < b. Consequently a = b and 
this equality implies that the coefficient of qP a + a + k equals ciC2(ao&fc — a^.&o) for all k > 
(because p is sufficiently large). In addition, since none of ci,C2 are divisible by p, we get 
aofe/c — afc&o = 0. It means that h(q) = ^g(q). On the other hand, <?(g), h(q) are primitive, 
thus ^ should be ±1. 

(<=): Let F = Z[q][.T„ : ?;, > 1] and X = (x n ) n ^. For n > 1, define y„ via the following 
recursive relation: 




ray„ = E d B 



4-E45 

9(9) ^ Ld 



y d d for all n > 1. (3.12) 

h(g) 



d<r. 



We claim that y„ e Z[g(g)] [ir^ : d\n] for all n > 1. When n = 1, y 1 = x\. If n > 1, 
assume that our assertion holds for all positive integers less than n. In view of the induction 
hypothesis, it is obvious that the right hand side of Eq. (|3.12[) is contained in Z[g(q)] [xd '■ d\n] . 
To see that it is also divisible by n, choose any prime divisor p of n. 
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Case 1: (p, 1 - g(q)) = (p, 1 - h(q)) = p 



In view of Eq.([X7J), d [f] . . and d 



are divisible by p ord p(") for every divisor d of 



n and thus the right hand side of Eq. (|3.12p is also divisible by p ord p(™). 
Case 2: (p,l-g(g)) = (p,l-%)) = 1 
From Eq. (|XT2]l it follows that 

n(l -<?(<?)) (l-%))y„ 

= (1 - h(q)) d(l - 9(q)%)xf - (1 - g(q)) £d(l - %)%f 

i P i p 

= (1 - %)) E d(l - (.9(?) p )*)(^)* - (1 - 5(9)) E ^ - (%) P )*)(Y^ 



(i-%))(i- 5 (0)E d 

I p 



n 

dp 



(x5)* -(1- S (g))(l 

9(9 p ) dp 

I p 



(yP)*. 



Here '=' denotes '= (mod £> ord p ("))'. Considering Eq. (|3.12p for we can deduce that 



E d 



(//) 



dp 



(Yd I ^ p ) dp - 
h( 9 p) x d^ x d 



9(q p ) d 
Combining it with the modular equivalence 

(Ydl = (Vdl -^ p p )* (mod p ord,> ^), 

we come to 

n(i- fl (?))(i-M?))y„ 

= ((1 - %))(! - fl (g*)) - (1 - ff (g))(l - E d 



dp 



dp 



h(qv) 



(mod p' 



rd p (n)\ 



(mod p 



ordp (n) 



Because (p, 1 - g(q)) = (p, 1 — /i(<z)) = 1, it follows that ny„ = (mod p ord p(™)). So our 
claim is verified. Finally, by mimicking the method in the proof of Proposition 13 . 1 ll we can 
construct the desired natural transformation. □ 

3.3.2. Here we classify W m and F^^ GS o W m up to strict-isomorphism as m varies over the 
set of integers. 

Definition 3.14. Suppose that a,b range over the set of integers. 

(a) We say that W 1 is strictly-isomorphic to l/l/ 6 if there exists a natural isomorphism, say 
ui : l/l/ 1 — > VJ 3 , satisfying 4> a = $ b oui. In this case, ui is called a strict natural isomorphism. 

(b) We say that F^^ s o l/l/ 1 is strictly isomorphic to F^^ s o l/l/ 6 if there exists a natural 
isomorphism, say uj : F*™ GS o W 1 -> F*™ GS o W, such that ($ ab ) a = ($ab) b ° w. 

Proposition 3.15. (a) Let a,b be integers. Then W 1 is strictly-isomorphic to if and 
only if a = b or a + b = 2 with a 7^ 1 . 

(b) Suppose that m varies over the set of integers. Then l/l/™ is classified by the set of 
positive integers up to strict-isomorphism. 
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Proof, (a) It follows from proposition 13. Ill 

(b) First, we will show that W a is not strictly isomorphic to W b for any integers a, b > 1 
with a 7^ b. It is trivial by (a) since a + b always exceeds 2. Second, we will show that for 
any nonnegative integer a, W a is strictly isomorphic to W for some positive integer b. It, 
however, is trivial since W a is strictly isomorphic to W 2_a and 2 — a > 2. □ 

Proposition 3.16. (a) Let a, b be arbitrary integers. Then F^^ s o W 1 is strictly isomorphic 
to F™f s o l/l/ 6 if and only if (1 - a) and (1 - b) have the same set of prime divisors. 

(b) Suppose that m varies over the set of integers and let CP be the set of all primes. Then 
^Abe^ S ° ^ n * s classified by {S C CP : \S\ < oo or S = CP} up to strict-isomorphism. 

Proof, (a) It follows from Proposition 13. 131 

(b) For a, b G Z define a ~ b if 1 — a and 1 — b have the same set of prime divisors. 
Obviously ~ is an equivalence relation on Z. And, from (a) it follows that F^ { GS o W m is 
classified by the set of equivalence classes up to strict-isomorphism. Consider the map 

r\ : Z/ ~ — > {S C CP : \S\ < oo or S = CP}, [m] H» the set of all prime divisors of 1 — m. 

By the definition of ~, r\ is well defined and injective. To see that rj is surjective, pick up any 
finite subset {pi, . . . ,pi} of CP. Then 77(1 — P1P2 • • -pi) = {pi, ■ ■ ■ ,Pi}- In addition, 77(1) = CP. 
This completes the proof. □ 



4. g- Deformation of Grothendieck's A-functor 

4.1. q-Deformation of Grothendieck's A-functor and its specializations. In Section 
12.1.21 we have introduced Grothendieck's A-functor. In the context of Witt vectors it is well 
known that W is naturally equivalent to A. The natural isomorphism, say O, is defined in 
such a way that for each commutative ring A with unity, 

Q A : W(A) -> A(A), (a n ) neN ^ J] 

n>l 

Let g(q) be an arbitrary polynomial in 1\q\. The objective of the present section is to 

construct a functor A 9 9 : Z[q]-Algebras — » RINGS such that 9 : A 9 ' 9 "* — > W 9 ' 9 "* is a natural 

isomorphism. For any Z[g]-algebra A, let A 9 9 (A) be the ring such that the underlying set 
is 

< 1 + a nt n ■ a n G A 

I n>l 

and the addition and the multiplication arc defined in the following way: For each object A 
in Z[g]-Algebras, we have 

n (t^f) +xr n (t^t) = n i_ s „i.^ ad t» 

n>l n>l n>l \ ^t, 

— — — \ y<i^ b d 

n (rr^) x a^ n (i— y = n 1—^^ 

n>l x ' n>l x ' n>l \ 

- - — \ Vd^ b d 

For a Z[g]-algebra homomorphism f : A—t B, define the map A 9 ' 9 "* (/) : A 9 ^ 9 ' (A) — > A 9 ^ (B) 
by 1 + J2 n >i a ™^" ^ 1 + En>i f( a n)t n - One easily sees that the assignment A h- > A 9 9 (A) 



1 - a„< r 
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induces a functor A 9 ^ 9 ' : Z[<j]-Algebras — > RINGS. Set Gh := Ir|^ s ° Gh (for the definition of 
Gh, refer to Section |2~3"1) . Then we have the following characterization of A 9 ' 9 '. 

Theorem 4.1. Let g(q) be any polynomial in Z[g]. Then, A 91 " 9 : Z[q]-Algebras — » RINGS is 

a functor satisfying the following conditions: 

(1) 4s a sef, A ff(9) (A) = {1 + £ n>1 a„i™ : a n G 4}. 



(2) For a 1i[q]-algebra homomorphism f : A — > £?, one /las 
-?#(«)/• .r\ . —9(9)/ 4\ . ~ ff(<z) ^ 



(3) The map, 

T 9(9) : A 9(9) (A) -+ (GhoF^ b ™) (A) 

n>l V 7 n>l V 7 

is a rmg homomorphism. 
Furthermore, if <?(<?) ^ 1, then A 9 ^ is uniquely determined by the conditions (l)-(3). 

Proof. First, let us show that A 9 ' 9 "* satisfies the condition (l)-(3). Since (1),(2) are obvious 
by the definition of A 9 9 , we will only see (3). For any Z[o/]-algebra A, we have 




1 A 



= E E^-^M^ 

n>l \d\n 

= E (e^ 1 -^) 5 )^! +»!))*" 

™>1 \ ti|r 

^3(9) 

— 1 A 

\n>l / 

In the exactly same manner, one can see that T 9 ^ 9 also preserves the multiplication. 

For the second assertion, assume that g(q) ^ 1 and is a functor satisfying the condi- 
tions (l)-(3). For any Z[q] -algebra A, consider the map id^ : A 9{q) (A) -> A 9 ^ q) (A), (6„)„ eN i-> 

(&Ti)neN- We claim that A 1— > idyi induces a natural isomorphism id : A 9 *" 9 " 1 — > A 9 ' 9 ). In ver- 
ifying the claim, the only nontrivial part is to show that id,4 is a ring homomorphism. Let 

gfq) —9(<l) 

F = 1i[q][x n , y n : n > 1]. In case where A = F, it is obvious since T F , T F arc injcctive 
(since g(q) ^ 1) and Y 9 / 9 ' = T F oid F . In particular, letting X = (x„)„ e pj and Y = (y n )n£N> 
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wc have e f (X) ■ Q F (Y) = 6 F (P) (in A 9 ^(F)) since 9 : \N 9{q " A 99 ' is a natural isomor 

phis: 
that 



phism (see Section [473]) . Given any elements a = (a„) n£ N and b = (b n ) ne m e \N 9< ~ 9 \a), note 



id A (Q A (a) ■ 0(6)) = id A 6 W P„| , = 9 A 



Now, wc compute idA(0A(a)) ■ idyi(0(&))- Let 7r : F — > A be the unique Z[q]-algcbra 
homomorphism with x n i— > a ni y n (->• 6„ for all n G N. By the functoriality of A 9 ^ wc 
have the ring homomorphism A*(«)(7r) : A»te)(F) -> A ff W(A) with 9 F (X) i-» Q A (a) and 
F (F) i-> 6^(6). Therefore we have 

id A (e A (a)) ■ id A (Q A (b)) = Q A (a) ■ Q A (b) 

= A^)(7r)(e F (X)-e F (F)) 

= A»W(7r)(e F ((P„)„6N)) 

H ( 1 - 7r(P„)^ 



n>l 

= e A ( (p„|-<-«* , 

y \ v d ^ b d / n<EN 

Thus id A (Q A (a) ■ Q A (b)) = id A (Q A (a)) ■ id A (<d A (b)). In the same way as the above, one 
can show that id A (Q A (a) + Q A (b)) = id A (Q A (a)) + id A (Q A (b)). Consequently id^ is a ring 
homomorphism. So we are done. □ 

Remark 4.2. As in Remark 13.61 the third condition in Theorem 14.11 can be divided into 
two parts in the following manner: 
(3-1) The map, 

CXa)^ : F™f s o A S( V) -^FZTo (GhoF§* Algeb ™) (A) 



n>l V 7 n>l \d\n yW; / 



is an abelian group homomorphism. 
(3-2) The map, 



T 9 A (q) : A 9iq) (A) -> (G/7oFg* as ) (A) 
11 V 1 - a n t n J dt & K\ \ 1 



is multiplicative. 



Consider the case where g(q) = q. Specializing q into an integer m produces a functor 
A m : Rings — > RINGS for each m E Z. In this case, for each commutative ring A with unity, 



24 



YOUNG-TAK OH 



wc have 



n (n^) +A ™ n (rr^r) - n (i- s „i • 

n>l v ' n>l v ' n>l \ 1 ;c d H ^ a d / 

n (rd^O xa - n (t-^f) = n r^A^ • 

n>l x ' n>l x / n>l \ 1 x d^ a d I 

By Corollary 13. 71 the subsequent corollary is almost straightforward. 

Corollary 4.3. Lei m &e an integer. Then, A m : Rings — > RINGS satisfies the following 
conditions: 

(1) 4s a set, A m (A) = {1 + £„>i a„i™ : a„ £ A}. 

(2) for a unity-preserving ring homomorphism f : A —> B, one has 

A m (f) : A m (A) A m (B), 1 + £ a„i" ^ 1 + ]T /( a „)f\ 

n>l n>l 

(3) T7ie map, 

t 2 : a- w - «m. n (d^) - 1 n (t 



n>l v ' n>l v 

is a rinj homomorphism. 
Furthermore, if m ^ 1, t/ien it is uniquely determined by (l)-(3). 

4.2. Symmetric functions arising in the context of our g-deformed Witt rings. 

In this subsection, we focus on certain symmetric functions which are naturally arise in the 
context of our g-deformed Witt rings. Let X = {xi : i > 1} be an alphabet. Define new 
symmetric functions uf l (X),\/f l (X), (n > 1) via the following relations: 



J2d[^]^ d (X^=p n (X), („>1), 



d\n 

(4.2) 

£d(l-g3)v«(X)3 = Pn (X), (n>l). 

d\n 

Here p n (X) denotes the nth power-sum symmetric function in xi (i > 1), that is, p n (x) = 
x'l + X2 + x$ + ■ ■ ■ . Therefore we obtain that 

i>l \d\n I \ n>l 



dt 

Equivalently, 





-owl 


) H 





»>1 \d|n \ri>l 
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Here H(X, i) 1 " 9 denotes exp ((1 - q) log H(X, t)) . Let 



n>l ra> 1 



and 



n>l n>l 

Lemma 4.4. Lei X = {x; : i > 1}, Y = {yi : i > 1} be alphabets. For each positive integer 
n, we have 

(a) hl(X + Y)e Z[q][h!(X), h%Y) :l<i,j< n}. 

(b) &(XY) 6 Z[g][4(X),gf(y) : 1 < i, j < »]. 

Proof. 

(a) Let us observe 

u«(X)-h«(X)6Z[?][h«(X):d|n] and 

h« + y) = £ u ?(x + y) ai uf(x + y) a2 ■ ■ • ui(x + y) a - 

for all n > 1. Thus, to verify our assertion, it suffices to see that 

ul(X + Y) G Z[g][u«(X),u«(y) : d|n], (n > 1). 
On the other hand, due to the identity 

U d(* + ^ =Pn(X + Y)= Pn (X)+ Pn (Y), 

we can derive the equation 

rf|n d\n 

Immediately it follows that (X + Y) G [u^(X), u^(F) : d|n] for each positive integer 
n. In the following, we will show that (X + Y) G Z[g][u^(X), u^(y) : d\n}. Let p be any 
prime divisor of n. Then 

n(l-?)u^+y) 

= J2d(l-q%) (u q d (X)% + u«(y)t) <Z 3 K rf (* + F)i 

din i|>» 

= £ d(i - (<f )^) ((u'wj* + (u«(y)f )£) Gz p )£)(u2(* + y) p )^ 

= £ d(i - (<n*) I ( uS(x + y)| u!(x ^ (x)P J " 

= (by Lemma [372]) . 

Here '==' denotes '== (mod p ord p("))'. It implies that n(l — g)u^(X + F) is divisible by n. 
But, it it obvious that n(l — g)u£(X + y) is divisible by 1 — q. Hence our proof is completed. 
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(b) Recall 



\{XY) 



E 



v? (XY) ai v q 2 (XY) a2 ■ ■ ■ v g n {XY) a " . 



■1+2-2+ "■ + » 
a; >0 



Hence, to verify our assertion, it suffices to show that vJ(XY) G Z[q] [v q d (X), v q d {Y) : d\n] for 
all n > 1. since v q d (X) — g^-^O G ^Mlfff PO : To this end, observe that the equalities 

^d(l- g 5)v«(IF)t = Pn (XY) = Pn (X) Pn (Y), (n>l) 

imply 

]Td(l-e??) V «(Xr)? = [£d(l-e?t)v*(X)S I [ £d(l - ?*)v«(r)3 



d\n 



for all n > 1. In a recursive way, one easily sees that v^(XY) e Q[g] [v^(X), v^(Y) : d\n]. 
Now, we are ready to prove y^(XY) 6 Z[g][v^(X), v^(Y) : for all n > 1. Let be any 
prime divisor of n. Then 

n(i-?K(iy) 



= ^d(l-(<,^)M(I)^ £d(l-(g^)( v «(r)^ -£d(l- ? i)(vS(XlT) 



= £d(l-(«*) 



\ 



V 



v?(X)^(v?(X))P 



(v«(xy)")^ 



= (by Lemma [33) (a)). 

Here '=' denotes '= (mod p ord p ("))'. Since p is arbitrary, our assertion is verified. □ 
For a partition A = (Ai, . . . , A;), let 

u q x (X) :=ul i (I)<(I)...ul i (I), 

h«(X) :=hl 1 (I)hl 2 (X)...h^X), 

In order to state the next proposition, we need the following notation. Let X = {xi : i > 1} 
be an alphabet, A z the ring of symmetric functions in infinitely many variables a;,-, (i > 1), 

over Z, and Par the set of all partitions. For simplicity, let Z[q]i- q := 1\q\ 



l-q 



Theorem 4.5. With the notation above, we have 
(&){u{(X) : A G Par} is a Q[q]-basis ofQ[q] <g> A z . 

(b) {/?*(X) : A G Par} is a Q[q]-basis of Q[q] <g> A z . 

(c) {v^(X) : A G Par} is a Z[g]i_ g -6asis o/Z[q]i_ 9 

(d) {g?(X) : A G Par} is a Z[q]i_ 9 -basis ofL[q}\- q 



A z 

5 A z 
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Proof. 

(a) From the first equation of (|4.2j) it follows that 

p n (X) -nul(X) G Z[q][u q d (X) : d\n,d< n] 

for all n > 1. Since {p\{X) : A G Par} is a Q-basis of Q g) A z , it follows that {u q x (X) : A G 
Par} is a spanning set of Q[q] <g> A^. To see that it is linearly independent, let 

a A( i)U* (1) +a A( 2)U* (2) H ha AW u^ |r) = 0, with a A « G Q[o], 

where A*- 1 ) > > • • • > A^ r ^ in the dominance order. Writing the left hand side in terms 
of p\(X), (A G Par), we get a\a)P\m + lower terms = 0. Hence a A (i> = 0. Repeating this 
process, we can see that all the coefficients vanish. 

(b) Since 

K(x)= J2 u?(x) oi uS(xr..x(*r, 



a; >0 



it follows that \\ q n {X) — u*(A") G Z[u?(JQ : d|n, d < n] for all positive integers n. Thus, our 
assertion follows from (a). 

(c) To begin with, we will show that vj? (AT) G Z[g]i_ g <E> Ag, (n > 1). From the equation 

it follows that h n (X) can be expressed as 

i+j = n \ ai +2a 2 A \-i*i=i j \ b 1 +b 2 -t hb B =j 

0<i,j<n \ Oj>0, (!<!<») / \ f>fc>0,(l<fc<s) 

(4.3) 

In case where n = 1, our claim is obvious since v^(Af) = j^hi(X). When n > 1, assume 
that our assertion is true for all positive integers less than n. By (|4.3p we have 

M*) - (1 - <?M(*) G Z[g][v«(Jf) : 1 < i < n - 1], 

and thus 

v£(AT) - — ^ — h n (X) G %K(AT) : 1 < i < n - 1]. 
1-9 

Now, the claim is immediate from the induction hypothesis. We are now ready to show that 
{v\(X) : A G Par} is a basis. In view of (|4.3[) , {v^(Af) : A G Par} is obviously a spanning 
set of Z[g]i_ 9 ® Az. The linear independence can be shown in the same way as in (a). 

(d) It can be verified in the same manner as in (b). □ 

Remark 4.6. It should be noted that {u q x (X) : A G Par} is not a Z[q]-basis of Z[o] ® A^. 
To illustrate this, define symmetric functions q n (X), (n > 1) by the formula 

p n (X) = Y,dq d {Xf° i, (n>l). 

For a partition A = (Ai,...,Aj), let q\(X) := q\ ± (X)q\ 2 (X) ■ ■ ■ q\ t (X). Then it is easy to 
see that {q\(X) : A G Par} is a Z-basis of Az (see [TH[T9]). However, the equation 

^(X)^ = Y,dq d {X)^ , (n> 1), 

d|n * tZ|n 

implies q p (X) = u q (X) + ^1^±u?(A")p, where p is a prime. Obviously Mizi £ 



£42 
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4.3. Connection between W 9 ^ and A 9 ^ 9 \ As before, let g(q) be an arbitrary polynomial 
in Z[q]. Given a Z[aJ-algcbra A, let 

6^ : W ff( V) -> A 9(9) (A), (a„) neN h+ [] (l-^ 

n>l ^ 0,1 

Then one can easily see that the assignment A t— >• 0^4 induces a natural isomorphism : 
W ff 9 — > A 9 ^ such that the diagram 

W 9(9) 8 ( J9(Q) 



gh o ^[g]-Algebras Qh ^-Algebras 

6 Rmgs — Rings 

is commutative. Here mt denotes the natural transformation such that intA((o>n)ne^) = 
Sn>i a n^ n ~ X fo r an y Z[oJ-algebra A. In fact our assertion is obvious since the ring structure 

of A 9 9 (A) is transported from that of \N 9 ^ 9 \a) via the bijection Qa- See Eq. (|4.1|) . 



Consider the case where g(q) = q. Specializing q into an integer m, we can derive a 
natural isomorphism : W" 1 — > A m such that the diagram 



gh >■ Gh 

int 



is commutative. Here int : gh — > Gh denotes the natural transformation such that intA((an)neN) 
Sn>i a nt n ~ l for any commutative ring A with unity. 

In the rest of this subsection, we introduce some product identities which arise naturally 
in our context. Let x n (n > 1) be indeterminates and assume that g(q) ranges over the set 
Z[g] \ {1}. For h(q) € Z[g] \ {1}, consider the following system of equations: 

J2d(l-9(q)*)x] =^d(l-%)^)T|, (n>l). (4.4) 

c£|n d|n 



Hence we have 



1 x n t n J . \ 1 T n i n 

/t^j. n>l 

Lemma 4.7. issume i/iai (7(g) ranges over the set Z[g] \ {1}. Then, T n G Z[g(q)] [x^ : 
/or every positive integer n if and only if h(q) = 0, 2. 

Proof. (=>) From Ea. (|4.4|) it follows that 

T « _ T — TTT x n G ^(qOH 3 ^ : d\n,d < n] 
1 - h{q) 

for all n > 1. Since g(q) is arbitrary, it follows that 1 — h(q) = ±1, that is, h(q) = or 2. 

(<=) We will use mathematical induction on n. When n = 1, our assertion is trivial 
since Tj = ±(1 — g{q))x\ by Eq. (|4.4l) . When n > 1, assume that it holds for all positive 
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integers less than n. First, let h(q) = 0. Let p be any prime divisor of n. Then 
iT„ = X)d(l-s(9) 5 )4-E rfT 'l 



n i . 

d \ 1 1 



= E d (0"<iUo~««* )* - 01)*) (modp^f")) 

= (mod p OTd p(™)) (by Lemmata)). 
On the other hand, if h(q) = 2, then 

-nT„ = E rf (!- ff(9) f )4 - E d ( X - 2f ) T ! 

din d l™ 

= £d(l - (9(q) p )^M)^ - E^ 1 - 2 ^)( T d)^ ( mod P° rdp(n) ) 

i p i p 

= £d(l-2#) C(T,,| 8 (, Wi )p)^-(T5)S) (modp^l"') 

= (mod p ord p(")) (by Lemmata)). 
Since p is arbitrary, we can conclude that T„ is divisible by n. This completes the proof. □ 
Combining Eq. (|4.5p and Lemma T4. 71 yields the following proposition. 

Proposition 4.8. Let A be any Z[q]-algebra and assume that g(q) ranges over 1\q\ \ {1}. 

For (a„)„ eN 6 V\f q) {A), let (b n ) neN := u 9 } q)fl ((a n ) neN ) and (c„)„ eN := ur^ (<?) ' 2 ((a„)„ eN ). 
Then we have 

yr n-g(q)a n t n \ = -pr / 1 \ = -,-r f l-2c n t 
HI 1 - a n t n J ^U- b n t n J -LX VI — c nt r 

Let h(q) = 0, 2. For a Z[g]-algebra A, let 

W »(»),M») . w 3iq) (A) ^W Hq) (A), (a„)„ eN i ^ (Tnlx^aJneN- 

Then the assignment A i-> uj^ q ^ h ^ qS> induces a natural transformation U j 9 ^ q ^ h ^ ■ W 9 ^ 
\N h ^ such that the diagram 



gh o F^. [9l " Algebras ► E hoF p * Algebras ► Gh o ^. M - Algebras 

6 Rings ;d 6 Rings in( " Rings 

is commutative. By the definition of 0, we have 



w s(9).M<i) q / 2 
(fln)neN A ^ 0~n\x d t->a d )niEN ^ J^J I " =— i 
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Suppose that l,m are arbitrary integers. Define z n (n > 1) via the following system of 
equations: 

£d(i-rot)4 =$>(i-i*)4> (^!)- 

d\n d\n 

Hence we have 



n>l V 7 n>l v " 7 



Letting g(g) = g and then specializing g into an integer m in the above paragraph, we can 
derive the following properties. 

Corollary 4.9. Let m vary the set of integers. Then we have the following. 

(a) With the above notation, z n G "L[xd : d\n] for every positive integer n if and only if 
1 = 0,2 

(b) Let I = 0,2. For a 1\q\- algebra A, let 



Co™' 1 : W n (A) -> W(A), (a„) ngN h- (z n \ Xd ^ aa ) 



Then the assignment A >— > uj™' 1 induces a natural transformation uj™' 1 ■ W n — > W such that 
the diagram 









"1 






gh 


> gh 

id 


> Gh 

int 



is commutative. 

(c) Let A be any commutative ring with unity and let m be any integer. For (a n )„ £ fj £ 
V\r-(A), let (fe„)„ eN := w™'°((a„)„ eN ) and (c„) nSN := u™' 2 ((a n ) n6M )- Then we have 



5. Necklace rings 



As explained in the introduction, classical necklace rings come as a partner of classical 
Witt rings. Motivated by this phenomenon, in this section, we provide functors 

B 9iq) : Z[q] <g) *-Rings -> RINGS, Vg(g) G Z[q], 
B m : <J-Rings RINGS, Vm e Z. 

The relationship between W 3 ^ 9 '' and B 9 ^ and that between W m and B m will be studied 
intensively in Section [7] 

5.1. g-Deformation of necklace rings. Throughout this subsection, we assume that Z[g] 
is equipped with the 'I'-ring structure such that 

*"(/(?)) = /(?") (5-1) 

for all /(g) £ Z[g] and n > 1. Let E be the \l/-ring freely generated by x n , y n (n > 1). It is 
easy to see that F := 1[q] ® E is made into a 'I'-ring if we dchnc 

* n (a ® 6) = tf"(a) <g> #"(&), a e %], 6 6 E. 
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Remark 5.1. Proposition 12.41 implies that the polynomial ring Z[g] can have the A-ring 
structure such that the nth Adams operation equals ty n in (|5.1[) for all n > 1. 



Given a polynomial g(q) G Z[g], consider the map 

F) N ^(Q®F) N , (a„)„ eN ^ (^d(l- 5 (g)5)*t( ad ) 



Q(g)F ' V 



Let X = (x n )neN and Y = (y ra )neN- Let P = (P n )nen be the element determined by the 
relation: 



v*{y d ) I , (n>l). 

9(9) 

(5.2) 



EL * 3 ™ - <'--'('» fe d Is].,,, * 3 <->) fe" [3 

d I n \d | n / \ d I n 

Multiplying either side of Eq. ()5.2|) by 1 — g(q), we have 

?®w - (?>8k*)) (4If(^)) ■ 

Lemma 5.2. Le£ n 6e an arbitrary positive integer. Then 

P n €Z[q][^{x d ),^(y d ):d\n}. 

Proof. If g(q) = 1, then P„ = for all n > 1. Indeed it can be verified by applying 
the mathematical induction on n to Eq. (|5.2[) . So, from now on, assume g(q) ^ 1. Note 
Pi = (1 — g{q))x\yi. If n > 1, assume that the desired assertion holds for all positive 
integers less than n. Multiplying either side of Eq. (|5.2j) by 1 — g(q), we have 

n(l-g(q))P n 

= ij2d(l-9(q)^(x d )\ -52d(l-g(q)*)*S(P d ). 

\d\n J \d\n J ^ 

(5.3) 

Due to the induction hypothesis, it is clear that the right hand side of the above equation 
is contained in 1[q] [*f?% (x d ), (yd) ■ d\n]. The proof of Lemma [3~3l shows that our claim is 
almost straightforward if one can prove that the right hand side of Eq. (|3.10p is divisible by 
n (more precisely, refer to Case 1 and Case 2). Let p be a prime divisor of n. Then we have 



i(l-g(q))P n = [ $>(l-fl(g)*)*3(a*) £ d(l - g(q)^ (y d ) 
5^d(l-ff(g)*)*t(P«i) (mod P OTd p(™)). 

d|5 



(5.4) 



In view of Lemma l3.2f a). one has 

* p (l - ff = 1 - .9(? p )^ = 1 - .9(?) 5 (mod p ord ^t)) (5.5) 
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for every divisor d of — . Hence 

= * P (Jj2d(l-g(q)%)y%(x d ^J ^d(l-g(q)%)*%(v d )j j (modp OTdp(n) ) 

= * p ^d(l-ff(g)^)**(P rf )j (byEq.(£2)) 
= ^d(l- fl (g)5)*5(P d ). 

Apply this to to get n(l-g(q))P n = (mod p ord p(™)), which implies n(l-g(q))P n = 
(mod n) since p is an arbitrary prime divisor of n. Thus we have the desired result. □ 

Let us define the category Z[g] £g> ^-Rings. Its objects consist of the Z[g]-algebras that are 
equipped with the structure of a <3/-ring such that fy n (q) = q n for all n > 1. The morphisms 
are Z[g] -algebra homomorphisms compatible with ^-operations. 

Theorem 5.3. Given an polynomial g(g) £ Z[g] , there exists a functor, B 9 ^ : Z[g] ® fy-Rings 
RINGS, subject to the following conditions: 

(1) As a set, y l3) (R) = R N . 

(2) For every morphism f : R -4 S and every a G one has B 9 9 (f)(a) = foa. 

(3) The map, 



# : 7f (9) (i?) -4 o f*M • *-" 8 ») (J?) 

(«n)neN ^ ^ 9{q)^ )* f (a<i) 



is a rinj homomorphism. 
If g(q) 7^ 1, t/ien B 9 ' 9 ^ is uniquely determined by the conditions (l)-(3). 

Proof. First, let us show the existence of B 9 ' 9 '. Given an object R of 7,[q] <g> 'J'-Rings, let 
g9(s ^ c ^ e ^.^g j^n suc j 1 that ^hc rm g operations arc defined in such a way that for any 
elements (a„)neN> 

(fln)rieN + (bn)nef-i = { a n + &n)nGN, 
K)n€N ' (&n)n<EN = (-Pfi <"»^?< )n£N- 

Going further, if we define morphisms as in (2), then it is easy to show that the assignment 

R h4 B 9 ' 9 '(i?) induces a functor B 9 9 : Z[q] gJ^-Rings -4 RINGS, satisfying the conditions 
(l)-(3). The second assertion can be shown in the exactly same way as in Theorem 13.51 □ 

Remark 5.4. (a) In the above theorem, one can see that Tp 9 ^ q ' is a natural transformation. 
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(b) Obviously Z[g] is equipped with the VP-ring structure with \I ,n = id for all n > 1. 
With this ^P-ring structure, define P n as in Eq. (|5.2|l . But, in this case, 



P n $Z[q][*$(x d ),*S(y d ):d\n] 
in general. For instance, let g(q) — q and n = 2. Then 

3 

P 2 = (1 - g 2 )* 2 (xi)y 2 + (1 - 9 2 )x 2 * 2 ( yi ) + 2(1 - q)x 2 y 2 + l^J-&( Xl y x ). 

5.2. Necklace ring attached to an integer. In this subsection, we let F be the "JJ-ring 
freely generated by x n ,y n {n > 1). Note that, as a ring, F equals Z[fy k (x n ), & (y n ) : k,n> 
1]. Given an integer m, let us consider the map 



1 <8 F) N , (a„)„ eN h> [ 5^ d(l - )*t ( 



ad) 



''I' 



/iGl 



Let X = (a;„)„ e N and V - = (j/n)neN- Let P = (P n )„eN be the element determined by the 
relation 

£ d [2] (P d ) = (1 - ro) d [2] ** (*<)) d [2] ** M ] , (n > 1 

d\n \d\n J \d\n J 



It is obvious that 
easily sees that 



:(P) 



(5.6) 

F (X)</jQ ( g lF (y). By the mathematical induction on n one 



P„ e Q[*'(a«i),* 7 (yd) : d|n], (n > 1). 
Lemma 5.5. Le£ n be an arbitrary positive integer. Then 

P n eZ[*5(x d ),*5(yd) : d\n]. 
Proof. From Eq. (|5.6|) it follows that nP„ is equal to 



\e|« / \f\n lJ im J *l» 



Particularly Pi = (1 — m)x\yi. For convenience, let us split the values of m into two cases. 
Case 1: m = 1 

Note that nP n = d|„ *^(Pd) (n > 1) and Pi = 0. Hence P„ = for all n > 1. 

Case 2: m / 1 

The verification will be done by using the mathematical induction on n. If n — 1, then 
our assertion is obvious. If n > 1, then assume that the assertion holds for all positive 
integers less than n. Let p be a prime divisor of n. For our purpose it suffices to see that 
(|5.7p is divisible by p ord p("). I n view of Lemma r3.2f b). we have 

n(l - m)P„ 

^e(l-m?)*?(x e ) - £ d(l - mt)*3 (P d ) 



* P e ^ ~ TOP " I /(l - top" (y/) 



^ d(l - mp d )*p"d (P d ) 
(5.8) 



34 



YOUNG-TAK OH 



Here '=' denotes '= (mod p °^pM)\ But, by Eq.dSSJ) we have 

y^e(l - m^)^^(j e ) I V/(l-ma r )*S'(j//) = d(l - m^)^^(P d ), 

which shows that n(l — m)P„ = (mod p ord p("'). In case where (p, 1 — to) = 1, our assertion 
is obvious. In case where (p, 1 — m) ^ 1, let 1 — m = p a s with (s,p) = 1. Since a > 1, we 
have 

roP-*™—™ = (1 _ p „ a) p-W — « = ! (mod ^W-ordW+a). 

for every divisor d of n. Hence 

ordp(d(l — m^)) = ord p (d) + ord p (l — to^) > ord(d) + (ord(n) — ord(d) + a) = ord(n) + a. 

Combining the induction hypothesis with Ea. (|5.8p yields n(l — m)P„ = (mod p ord (")+ Q ). 
Consequently nP„ = (mod p ord (")). Since p is arbitrary, it implies that nP n is divisible 
by n. □ 

Theorem 5.6. Given an integer to, B m : fy-Rings — > RINGS satisfies the following conditions: 

(1) As a set, B rn (R) = R N . 

(2) For every ty-ring homomorphism f : R — > S and every a G B m (R) one has 
B m (f)(a) = foa. 

(3) The map, 



: B m (R) -> (gfto F™ s j (i?), (a„)„ eN | ^d(l - m*)**( a< ,) 

zs a rinj homomorphism. 
If m 1, £/ien is uniquely determined by (l)-(3). 

Proof. First, let us show the existence of B m . Given a ^-ring R, let B m (i?) be the 
ring i? N such that the ring operations are defined in such a way that, for any elements 

(6n)n 6 N G B'"(i?), 

(«n)n€H + (^ra)neN = ( a n + 
(fln)nGN - (^n)nGN = (Pri *d^ a d ) ra gN- 

Going further, if we define morphisms as in (2), then it is easy to see that the assignment 
R i y B rn (R) induces a functor B m : vf-Rings ->■ RINGS, satisfying the conditions (l)-(3). 

In case where m/1, the uniqueness can be shown in the exactly same way as in Theorem 
13.51 So we are done. □ 



Remark 5.7. It should be noted that Theorem 15.61 cannot be deduced from Theorem 15.31 
by the specialization q t— > in since it is not compatible with "J™, (n > 1). For instance, 

(1 - q n )^ n {x) (1 - TO n )* n (x), but 

* n ((l - q)x) - m)x) = (1 - m)^ n {x). 

5.3. Classification theorems. In this subsection, we show that 'statements analogous to 
propositions in Section [3.31 hold for necklace rings. 
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5.3.1. Here we classify B 9 ' 9 ' up to strict-isomorphism as g(q) varies over Z[q\. 

Definition 5.8. Given g(q), h(q) 6 we say that B 9 ^ is strictly isomorphic to B ^ if 
there exists a natural isomorphism, say L) : d — > B , such that 

Proposition 5.9. Given g(q),h(q) £ B 9 ^ is strictly isomorphic to B q ^ if and only 

ifKl) = f(<?) or h(q) = 2- g(q) with g(q) ^ 1. 

Proof. (=>): The assertion can be proven by the trivial modification of (=>■) in the proof 
of Proposition 13. Ill 

(<=): In case where h{q) = g{q) we can take u as id, the identity natural transformation. 
From now on, suppose h(q) ^ g(q) (thus, g(q) ^ 1). Let E = Z[q] (x n ) : k, n > 1] and 
X = (ic n )rieN- For each positive integer n, define y„ via the following recursive relation: 

- "(1 - g{q))y n = d(l - ■9(9) 5 )* t M - E d ( J ~ ( 2 ~ 9(q))^)^(y d ), (n > 1). (5.9) 

din rfl" 

Observe that the verification of the desired assertion can be accomplished in the same way 
as in the proof of Proposition 13. 1 II if one can see that y n e 1\q\ [4t (xd) ■ d\n] for all n > 1. 
When n = 1, it is obvious since y 1 = —x\. If n > 1, assume that our assertion holds for all 
positive integers less than n. According to the induction hypothesis, the right hand side of 
Eq. (|5.9l) is contained in (1 — g(q))7j[q] (xd) : d\n], which implies nP„ G X[q\ (x d ) : d\n]. 
Next, we will see that the right hand side of Eq. (|5.9[) is divisible by n. Choose any prime 
divisor p of n. Recall that for every divisor d of ^, we have 

4 P (1 -g(q)%) = 1 -g(q p )^ = 1 -g{q)^ (modp ord " ( § ) ) and 

(5-10) 

* p (l - (1 - g(q))**) = 1 - (1 - g{q p ))~* = 1 - (1 - g(q))T (mod p old " { ^). 
Therefore 

- n(l - g(q))y n - n(l - g(q))x„ 

= £ d(l - g(q)$)*$(x d ) - ^ d(l - (2 - g{q))$)*S(y d ) 

d\n d\n 

d<n d<n 



= £)d(l - g(q)^(x d ) - J2 <1 - ( 2 - )*% d ) 

v 1 p 

^-* P \J2 d ( 1 -9(q)^ f3 M) - Y,dQ.-(2-g{q))S)9S(y d ) (by ) 
= -** l^d(l-(2- 9 (g))^)4^(y d ) 

w 

-^d(l-(2- fl (g))t)*5(y d ) (by (52) and 
d|a 

= 0. 

Here '=' denotes '= (mod p ordp ( n ))'. Since p is an arbitrary prime divisor of n, we get 
(1 — g(q))y n 6 Z[g][x<i : d|n]. Utilizing the above results, we can show that the right hand 
side of Eq. (|3.10p is divisible by n(l — g(q)) exactly in the same way as in the proof of 
Proposition 13. Ill □ 
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Recall that J^bei oB is naturally isomorphic to 



RINGS , 



el 



„ h - ® *-Rings 

° ^ Rings 



for all 



5(g) G Z[g]. In addition, for each object i? in Z[g] Cg> ^-Rings. the map, 



WahlR ■ ^Abel 



rrh n *-Rings 

o" ^ Rings 



[13] ® *- Rings 




iln 

1 / nGN 

is an abelian group homomorphism. In the following proposition, we will show that a 
statement analogous to Proposition EH holds for F^ GS o (gh o F^® *~ Rings 

Proposition 5.10. Let g(q),h(q) 6 Z[g]. T/ien t/iere exists a natural isomorphi 



uj : F, 



RINGS 
Abel 1 



„Z[q] ® V-Rings 
r Rings 



ipRINGS _ 



suc/i £/ia£ y^ 9 '' = tp^\^ o u if and only if 1 — g{q) = C\k(q) and 1 — h(q) = C2k(q) for some 
Ci,C2 6Z and k(q) G Z[g] smc/i that 

(1) ci and ci have the same set of prime divisors, and 

(2) k(q) is primitive. 



Proof. (= 



It follows from the proof of Proposition 13.131 



(•£=): Let E = Z[q][^/ k (x n ) : k,n > 1] and X = (a: n ) n gN- For each positive integer 
define y n via the following recursive relation: 



ray* 



Y, d \l] "I> [51 foraUn>l. (5.11) 



We claim that y„ G Z[g] [vP^ (x<j) : d|n] for all n > 1. When n = 1, y x = Xi. If n > 1, 
assume that our assertion holds for all positive integers less than n. In view of the induction 
hypothesis, it is obvious that the right hand side of Eq. (|5.1ip is contained in Z[q , ][$^(a; ( j) : 
d\n\. To see that it is also divisible by n, choose any prime divisor p of n. 

Case 1: (p, 1 - g(q)) = (p, 1 - h(q)) = p 

Refer to the proof of Proposition 13. 131 

Case 2: (p, 1 - g(q)) = (p, 1 - h(q)) = 1 

From Eq. (|5.11l) it follows that 

n(l - g(q))(l - h(q))y n 

= (1- - (l-g(q))J2d(l - 



= (1- - 0;(?))*)**(x d ) - (1 - ,9(<z))* p ]Td(l - (%))*)** (y d ) 



(l-h(q))(l-g(qnW\J2 d 



n 

dp 



9(?) 



(l-.g(g))(l-% P ))* P E rf 



ri 

dp 



*«S.(y d ) 
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Here '=' denotes '= (mod p md p ("))'. The last modular equivalence follows from the identity 

E4^1 . . = E^ 1 - (M?))*)(vS)*- 



1 5 



Now, the desired natural transformation can be constructed by mimicking the proof of 
Proposition 13. Ill □ 

5.3.2. Here we classify B m and F^^ GS o B m up to strict-isomorphism as m varies over the 
set of integers. 

Definition 5.11. Given two integers a,b, we say that 6" is strictly-isomorphic to 6 fa if 
there exists a natural isomorphism, say lo : 6 a — > B 6 , satisfying ip a = ip b o uj . In this case, lu 
is called a strict natural isomorphism. 

Proposition 5.12. (a) Let a,b be two distinct integers. Then B 1 is strictly-isomorphic to 
B 1 if and only if a + b = 2 with a ^ 1 . 

(b) Suppose that m varies over the set of integers. Then B m is classified by the set of 
positive integers up to strict-isomorphism. 

Proof, (a) (=>): Let (6„) ii(E n = wz((a„) n gN)- Then, for all n > 1 we have 
^d(l-o5)*S(a d ) =^2d(l-b^)^(b d ). 

d\n d\n 

In particular, when n = 1, the equality (1 — a)a\ = (1 — b)b\ holds. Since a\ is arbitrary, 
yEf should be an integer. In the same manner one can see that jz^ is an integer, too. 
Consequently should be 1 or —1. But the former case is not allowed since a, b are 
distinct. Therefore we can deduce that a + b = 2 with a ^ 1. 

(<=): Assume a + b = 2 with a ^ 1. Let F be the ^P-ring freely generated by x n (n > 1). 
Then F = Z[^ k (x n ) : k,n > 1]. Let X = (x n )„ 6 N and define y„ (n > 1) recursively via the 
following equation: 

n(l - b)y n = J2d(l ~ a^)^{x d ) - d(l - 6^)*% d ). 

d\n d\ n 

Note that the right hand side is divisible by 1 — b since 1 — 6= —(1 — a). Let p be any prime 
divisor of n. From Lemma T3. 2T b) it follows that 

d(l-a%) = d{l-a^) (mod p ord " (n) ) and 

d{l-b^)=d{l-bfs) (mod p ord!j(n) ) 

for every divisor d of — . Hence 

n(l - b)y n = ^d(l- a^)^^(;x d ) - ^d(l - 6^)*% d ) (mod p ord p(")) 



Eff a^)^fs( Xd ) -J2d{l- 6^)*^(y d ) ] (mod p md ^) 

= 0. 

In addition, since the coefficient of x n is 1 — a = —(1 — 6), we get 
y„ — x n 6 Zf^P' (ccrf ) : d\n,d < n], (n > 1). 
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Now, for any ^-ring A, let us define 

uja : B a (A) -> B (A), (a„)„ 6N ^ (y„| 

Obviously this map is a ring isomorphism and the assignment A t— > uja induces a natural 
isomorphism u) : B a — s> B b with the desired property. 

(b) The assertion can be verified in the same way as in the proof of Proposition 13 . 1 5T b) . 

□ 

Finally, we give an analogue of Proposition 13.161 Recall that F^ { GS o B m is naturally 

isomorphic to F^ GS o (^gh o -Fj^gs" 65 ^ for all m S Z. In addition, for every "J-ring R, the 
map, 



(^ab)S = ^aT, GS o (gh o F™"*) (R) -> Ci w ° ( gh o F£™») (R) 



^3>-Rings 
ngs 



RINGS 



^*-Rings 
ngs 



n(EN 



is an abelian group homomorphism. 

Proposition 5.13. Let a,b be arbitrary integers. Then there exists a natural isomorphism 



w • * Abel ° U 



*-R/ngs\ tpRINGS 



Rings 



F AbeT~ 



ShoF^r) 



such that ((/?ab) a = ( ( Pab) b o u if and only if (1 — a) and (1 — &) have the same set of prime 
divisors. 

Proof. (=>): Refer to the proof of Proposition 13. 131 

(<==): Let F = Z[^ k (x n ) : k,n > 1} and X = (.t„)„ 6N . For all n > 1, define y„ 
recursively via the following equation: 



(5.12) 



Let p be a prime divisor of n. If p|l — a, then d [g] = d [*|] = (mod p ord p(™)). So the 
right hand side of (|5~T2]) is divisible by n. If p f 1 - a, then d [3] = d \f-) (mod p ord p(") ) 
and d = d ^ (mod p OTd p(»)). Hence 



«y* 



J2 d ^ * f (^)-E d [^] fc * f ^) (modp 



ordp (n) \ 



0. 



n 
dp 



V 1 15 



It tells us that 2/ n is contained in F. Now, the desired natural isomorphism can be constructed 
in the same way as in the proof of Proposition 13.131 □ 



5.4. Structure constants of B ,n and B 9{q) . 
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5.4.1. In the previous section, we have shown B m (X)B m (Y) = (P n ), where P n can be 
written in the following form: 



C (i,j)^"(Xi)^i( yj ). 



Here we focus on the explicit form of c(i,j). To begin with, let us introduce notations 
necessary to develop our arguments. For a positive integer n, let D n be the poset consisting 
of all divisors of n where i ■< j in D„ if j is divisible by i. For positive integers a,b 6 D n 
with a ■< b, let C(a, b) the set of all chains from a to b in D„. It is easy to see that it does 
not depend on the choice of n. For any chain C = (a = x r -< • • • -< xq = b) G C(a, b), let 



wt m (C) := 



(-l) r 



xo. 




X r -1 




TCI 





if a < b 
if a = b 



and 



ix m {b,a):= E wt m (C). 

It can be easily seen that /x m (6,a) = fj> m (b',a') if 6/a = b'/a'. For each positive integer n, 
let us define /i m (n) by /z m (n, 1). 

Proposition 5.14. Lei n be a positive integer. For any divisors i,j of n, we have 

(1 - m)ij 



c(i,j) = 
Proof. Note that nP n equals 



^ Li 





n 


m 


e 3. 



Mm(e). 



(1 -m) E dl 


n 
.di. 




(E< 


n 




E 


A. 


y di 




m / 


yd^ 




m / 


di -<n 





In the same manner, (iiP^ equals 

E d 



d 2 



*^(^)| ( E rf 2 

^2 — 



Plugging (|5.14p into (|5.13|) yields that nP n can be written as 



E 

^2 -<di 



*'i (diP*). 
(5.13) 

^(d 2 P d2 ). 
(5.14) 



( E 


A. 






y d\ 




m 





(1 - m) [ E d 2 d 2 

d>2 ,d' 2 -<n 



I'm (y di ) 

^^(X d2 )* d 2 (y d ,) 



n 




dx 




di 




A. 


m 


di. 


m 


A. 


m 



E 

-<di -in 



I"* 2 {d 2 Pd 2 )- 



40 



YOUNG-TAK OH 



In the same manner, if we replacing diPdi (i > 2) by 

di 



(1 - to) 

- E 

d i+ i -<di 



E di + l 



H+l 



^^(di+iP di+1 ), 



4+i 



we finally come to the equation 
/ 

nP n = (1 - m) 



e c-w n 



j^d r ^d r _ 1 ^ <d 1 -!(iQ: = Ti 



J=0 



H + l 



where nl^o 1 IT^ 18 se ^ ^° ^ e ^ wnen r = 0. Given i,j with i,i|n, let A(n; i,j) be the set 
of subposets {d r ,d r -i, . . . , d%, d\, do := n} of £>„ such that i,j ^< d r < d r -\ -<•••-< cfe -< 
<ii -< n. Also we let 

6(n;i,j):= |J 6(1, e). 



Define r) : A(n;i,j) 6(n; i, j) by 

{d r ,d r _i, . . . , d2,di,n} \-t 



d r -i 
d r 



and ^ = A. Therefore 



Since [i,j]|d r (thus jHtj^t)) ^ is we U defined. Clearly 77 is a weight- preserving bijection. 
Furthermore, if we let e := 4r-, then = 

/ /r-l 

e (-w n 



l r>U 

\ *.JZ<dr-<di — 1 -< <di-Sd 

/ 

= *j E 

[i,j]l e l" 



e (-1)" n 



J=0 



e=d r 








n 


Mm(e)- 






rn 








E [-1 

f-^ Lei J 

This completes the proof. 
Example 5.15. (a) If m = 0, then 



□ 













1 if[i,j]=n, 
otherwise. 



Mo(e) = ^( e ) = 
e l[OT 

As a consequence, 

p »= E ^* ¥ (*i)**(i&)= E (i,i)* ? (^)*?(%)- 

[i,j]=n [i)j']=n 

(b) If m = 1, then c(i,j) = for all divisors i, j of n and thus P„ = for every positive 
integer n. 



WITT RING ATTACHED TO A POLYNOMIAL 



41 



(c) If m = — 1, then 
Therefore 

^ lei 
As a consequence, 





n 








fj, 


-1 


e L 


-1 




Pn 


= 2 



H-i = 



M-i(e) 



if m is even, 

1 if m is odd. 



1 if f, j are odd and [i, j] = n, 



otherwise. 



P„ = 2 ^ 



Remark 5.16. As an interesting corollary of Proposition l5.14| we can deduce that 



d(i,j) ■= (1 - m)ij V [— 
* — ' lei 





n 


m 


. e 3. 







n 




. i - 


m 


J. 


n i 



is divisible by n. It would be very nice to give a direct proof of this divisibility. For instance, 
if = n, then this is trivial since 

= (1 -m)(i,j) 

n 

On the other hand, if i = j = 1, then 

- Mm(e). 
LeJ m 

e|n 

Therefor (1 — m) J2 e \n [if] ^Mm(e) is divisible by n. However, its direct proof docs not seem 
to be so trivial. 

5.4.2. Recall the equality B 9 ^ (X)B 9 ^ (Y) = (Pn), where P n can be written in the follow- 
ing form: 



X) d(i,j)¥* (&<)**(%•). 



Here we focus on the explicit form of d(i,j). For positive integers a, b G D„ with a ^ 6 and 
for any chain C = (a = rc r -< • ■ • -< xq = b) G C(a, b), let 



Wt 9(9) (C) :=(-!)* 



"a; " 




~Xi 




X r — \ 








. X 2_ 


g(q*l ) 




9{q^ 



and 



A ff (g)(M):= 53 W W C )' 

cee(a,6) 

It can be easily seen that fx g fq\(b,a) = (x g rq\(b',a') if 6/a = b'/a'. For each positive integer 
n, let us define £ fl ( g )(n) by fi g ( q )(n, 1). 

Proposition 5.17. Lei n be a positive integer. For any divisors i,j of n, we have 







n 




S(9 e ) 





A s ( 9 )(e)- 
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Proof. Note that nP n equals 





n 




(e< 


n 




-E 


n 




A. 




\ d' x 


A. 


9(1) J 




A. 



9(9) 



(5.15) 



In the same manner, diP^ equals 





"di" 


( E ^ 




^(2/4) - E 


"d x " 


\<f 2 :<di 


A. 


9(9) y \d^di 


.4. 







*^(d 2 p d2 ). 



9(9) 



Plugging (|5.16[) into (|5.15|) shows that nP n can be written as 



(5.16) 



(1-5(5)) [ E 



9(9) 



-(!-*(?*))[ E ^4 



n 

A 


9(9) 




(x dl )V d i (y 


n 




"df 




"di" 


A. 


9(9) 


.da. 


9(9*) 


d 2 . 



9(9 dl ) 



(x d2 )^^(y 4 ) 



E 



n 




"di" 




A. 


9(9) 


A. 


9(9^ 



(d 2 p d2 ). 



In the same manner, if we replacing d^P^ (i > 2) by 

di 



(1- 5(5)) ( E 
di 



1+1 



* d ' +1 (xd i+1 ) 



E 

d i+1 ~(di 



H+l 



9(9) 



9(9) 

*^(d,; +1 P dl + 1 ), 



) ( E 


A +1 \ 


1 Vl+i^i 





9(9) 



* di+I (y< +1 ) 



(5.17) 



we finally come to the equation 

nP„ = c(i,j)^( Xi )^f( yj ). 

i.j\n 

Here c(i,j) is given by 

ij E (-l) r (l-.9(<Z*))(n 



:,j^d r ^d r _ 1 ^ id r -<d : = r> 



\Z = 



di 



d/+i 



9(9' 



9(9 d *- 



9(9 dr 
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where n[=o 
can derive 



di + i 



g(q^) 



is set to be 1 when r = 0. As in the proof of Proposition l5.14[ we 



£ (-D'd -<k,*» n w+1 

r>0 \l=0 1 1 + 1 

■ ,j^d r ^d r _ 1 ^ <d 1 ^d Q : = n 



g(q d ' ), 



g{q dr ) 



g(q dr ) 



/ 



E (WC?-)) 

[')j]|e|n 



'r-1 



r>0 

-<■ <d2-<ci^^dQ 



di+i 



g(q dl 



g(q-) 



g(q-) 



e (-D r ( n 

\ e=d r -<d r _ 1 - 

This completes the proof. □ 
Example 5.18. Let 5(g) = g. Then one can easily see that p. q (e) = [e] fi(e). Therefore 



" n ' 




n 


.ei- 







9(? e ) 



A 9 (g)( e ) (by replacing n/e by e). 



n. 



n 







n 


.ei. 








n 








\e] 


- <? e 


. e 3- 







9 {q') 



A ff («)(e) 









n 


n 


. i - 


q 


.3. 



Applying the formula 



yields 



E^) 



E ^ e )- 



1 ifn=l, 
otherwise 



d(i,j) = ' " LiJ « 
" 



if = n, 
otherwise. 



6. FUNCTORIAL AND STRUCTURAL PROPERTIES 

6.1. Induction. Assume that 3^ denotes one of the following functors: 

, j-,Z[g]-Algebras , j-,Z[g] ® *-Rings , , 

g hoF Rin g s » g ho ^RiL g 5 . andgh. 

For each r > 1 and each object A consider the map 

\nd r , A : $ {A) -> 3(A), (a„)„ eN >-> (raa) nE N, 

where 6„ = ra™ with a» := if — £ N. It should be noted that this map is additive, but 
not multiplicative. Letting 



ind r ,^ : (FJZ* ° -> (F^ o J) (A), (a„) neN ^> ) n€N , 

it is easy to show that the assignment A M> ind J%J 4 induces a natural transformation ind r 



pRINGS or , pRINGS <f 
r Abel r Abel ° J ' 
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In the same manner, assume that S denotes one of the following functors: 

W 9(9) , B 9iq \ W"\ and B"\ where g(q) G Z[q] and m > 1. 
For each r > 1 and each object A, consider the maps 

Ind r ,A ■ 5(A) 3(A), (fl n ) n6N h> (aa )„ eN 

and 

ind r<A : (F™, GS ° 5)(A) -> (F™, GS o g)(A), (a„) neN h- (a ? ) neH . 

Proposition 6.1. Suppose that g(q) 6 Z[g] arte? m 6 Z. For an arbitrary positive integer r 
we have the following. 

(a) The assignment A \-> ind ri A induces a natural transformation ind r : F^^ s o V\f^ — > 

^Abe^ S ° satisfying oind r ^A — ind Ti A° f or every Z[g]- algebra A. If g(q) ^ 1. 

then it is uniquely determined by this commutativity. 

(b) The assignment A t— > ind r< A induces a natural transformation ind r : F^^ s o B 9 9 — > 

^4fae/ GS ° satisfying Tp 9 } 9 ^ ° ind r ^A = ind r ^A ° Pa^ f or every object of Z[q] <g> ty-Rings. If 
m ^= 1, then it is uniquely determined by this commutativity. 

(c) The assignment A \— > ind r ^A induces a natural transformation ind r : F^^ s o 1/1/™ — > 
1/1/™ satisfying $™ oind,.^ = ind rj 4 0<I>™ for every commutative ring A with unity. If m ^ 1, 
then it is uniquely determined by this commutativity. 

(d) The assignment A i— > ind r ^A induces a natural transformation ind r : F^^ s oB m — » B m 
satisfying tp™ o ind r< A = ind r< A Pa f or every ty-ring A. If g(q) ^ 1, then it is uniquely 
determined by this commutativity. 

Proof. Since all the assertions can be proved in the same way, we here prove only (a). The 
proof will be accomplished in the following steps: 

Step 1: First, we verify that <& 9 A ^ o Ind Ty A = Ind r .A ° Q 9 }^ for every Z[g]-algebra A. For 

this purpose it suffices to see that (^ab)^ ° ind r ,A = ind r .A ° (® a b) 9 A q) - Thi s is obvious 
since 

($ab$ 9) ° ind,, A ((a n ) n& H) = ($ ab ) 9 4 (9) ((a^) neN ) 




= ind, % A o ($ ab )^ [q '((a n ) ne ®). 

Step 2: Second, we show that ind r _A is additive for any Z[g]-algebra A. Let F = 
Z,[q][x n ,y n : n > 1], X = (x„)„ £ n and Y = (y n )n£Tf- To begin with, we will see that 
ind r f(X + Y) = ind r .f(X) + md rjF (Y). Note 

($ ab )* (<?) o ind r , F (X + Y) = nd r , F o ($ ab ) F (9) (X + Y) 

= ind r>F o ($ ab )^(X) + ind r>F o ($ ab ) F (9) (y) 
- ($ab) F (9) o md r>F (X) + ($ ab ) F (g) o ind r . F (Y). 
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Hence our assertion follows from the injectivity of ($ a b)p ■ F° r any elements a = (a„) ng N 

and b = (6„)„gN of \N 9< " 9 \a), let ir : F — » A be the unique Z[g] -algebra homomorphism with 
x„ M> tt„ , j/ n n> 6„ for all n£N. Then we have 

indr : A((a n )n£N + (b n )neN) = Ind r ^A{(a n )n£N + (^n)riGN) 

= Ind r> A (\N 9l9) (tt)(X) + W 5(9) (7r)(F)) 
= Jnd r ^(W 9(9) (7r)(X + r)) 

= W 9(9) W(ind r , F (x + y)) 

= W 9(9) (7r)(Ind r ,F(^) + Indr,F(Y)) 

= \N 9iq) (Tr) oInd r , F {X) +W 9(9) (7r) oInd r , F (Y) 

= Ind r ^((an)neN) + Jnd r ^((6„)„eN) 

= indr,A((an)neN) + ind ri> i((6„)„ eN ). 

5iep 5: For every 7L\q\- algebra homomorphism / : A — > B the diagram 

C G5 °w 9( V) J ^ ^ A T, GS °w 9(9) (A) 

(F R,NGS oWS (,) (/)=) W M (/) | j W9 <*) (/) 

^, GS oW 9(,) (B) ► ff°W 9( V) 

ind r , b 

is obviously commutative. Step 2 and 5£ep 3 imply that ind r is a natural transformation. 

S^ep ^: For the uniqueness, let g(q) ^ 1 and let V r be a natural transformation with the 
desired property. Let E = Z[q][x n : n > 1], Let X = (a;„) ne N and V = (v„)„ e N := K-,e(^0- 
From o 7 r ,E = V r ,E ° $e 9) it follows that 

^d(l-ff(g)t) v | =r^e(l-ff(g)5 r )a;| ? = ^2d(l - g(q)%)xj (by letting d := er). 

d\n d|n 

By the injectivity of we get v„ = i» for all n > 1. Now, for any Z[g]-algcbra A and 

any element (o n ) ne n £ W 9 ' 9 '(A), let tt : E — > A be the morphism uniquely determined by 
x n <— >• a n , (n > 1). From the commutativity of the diagram 

f rjngs W S(9) (E) ffoW 9(,) (E) 

W 9(<!) (7r)| |w 9(5) (7r) 

C GS ow 9(,, (4) — -> C GS °w s,,) (i) 

it follows that V r ,A(Mn&i) = V rA (F^ s oW 9iq \7T)(X)) = (^ GS oW 9(9) (7r))o^ E (X) = 
(a^)„ eN = ind riJ 4((a„)„ 6N )- So = indr, a- □ 

In case of A 9(9) and A m (m 6 Z), the rth inductions and V; A '" (m £ Z) are defined 

in such a way that = &a Ind r ,A and = 0^4 o Ind Ty A ° ■ In fact, it is 
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easy to see that, for any object A 

(1 + a it + «2< 2 + •••) = ! + aif + a 2 t 2r + ■■■ , 
F r A X(l + ait + a 2 t 2 + •••) = 1 + ait r + a 2 t 2r + ■■■ . 

6.2. Restriction. Assume that £F denotes one of the following functors 

■ ,^Z[nl-Algebras , nZ[q] ® *-Rings , , 

g h °^Rings . g h ° F Rings . and S h - 

For each r > 1 and each object A, define 

Res I%j4 : J(A) -> SF(A), (a n )„ eN H> (<Vn)neN. 

Obviously Res r-J 4 is a ring homomorphism. Moreover, it is easy to show that the assignment 
A i-> Res r-J 4 induces a natural transformation Res r : 5" — > 3\ 

6.2.1. Here we introduce restrictions on W 9 ^ and W", (to 6 Z). 

Proposition 6.2. Given a polynomial g{q) £ Z[g], i/iere exists a natural transformation 
Res smc/j t/iai f/ie diagram 



ghoFl [qVAlgebras ► g hoFl\ qVAIsebras 

& Rings Res 6 R m gs 

is commutative. Furthermore, if g[q) ^ 1, then Rcs r is uniquely determined by the above 
commutativity. 

Proof. Let F = Z[g][x„ : n > 1]. Let X = (x n ) n &i and define R n , (n > 1) via the following 
recursive relation: 



R» = VI e | — x e ° - ^ d \ - 

e nr d l™ 



R d d , Vn > 1. (6.1) 



Obviously R„ £ Q.[g{o)][%d '■ d\nr]. However, we claim that R„ 6 1[g(q)][xd : d\nr] for all 
n > 1. 

Case 1. g(q) = 1. 

Eq. (j6~T1) is Simplified as Yjd\n R d = r Yje\nr X ^" for au n - 1 - Since R i = r Se|r X e, 

our assertion holds when n = 1. Now, the desired result can be verified by using the 
mathematical induction on n. 
Case 2. g(q)^l. 

Since Ri = 5Z e | r e [§] fl / g j x e , our claim holds when n = 1. If n > 1, assume that the 
claim holds for all positive integers less than n. Then it is easy to see that the right hand 
side of Eq. (|6.1l) is in 1[g(q)][xd : d\nr]. Thus, for the verification of our claim, we have only 
to see that the right hand side of Eq. (|6.1[) is divisible by n. To do this, we will see that the 
right hand side of Eq. (|6.1[) multiplied by 1 — g(q) is divisible by n(l — g(q)). But it can be 
done exactly in the same way as in the proof of Lemma 13.31 The only nontrivial part is to 
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see that n(l — g(q))R n is divisible by n. Indeed this is true since, for every prime divisor p 
of n, we have 



1(1 - g (q))R n = J2 < l - 9(1) ¥ w - J2 d 0- - 9(1) 3 )r| 



elnr 

1 d<TL 

= £ e(l - (.g(g) p )^)«)^ - £d(l - ,g(gp)Rf (mod p OTd ^)) 

e| ^ d|2 

= MRdUw^) 5 "-^)^ (mod P OTd ^)) 

eeO (mod p ord "(™)) (by Lemma GLlfa)). 
So we get that R„ G Z[g(q)][a;d : d\n, d < n). For any Z[g]-algebra A, define 

Res^T ■ W 9(9) (A) -> W 9(9) (A), (a„)„ eN -> (R„|^ Qd )„ eN . 

Following the steps in the proof of Proposition 16.11 one can easily see that the assignment 

A 1— >• Rcs r A induces a natural transformation with the desired property. □ 

Let g(g) = q. Then Proposition 16 . 21 produces the following corollary when q is specialized 
into m. 

Corollary 6.3. Let m be an integer. For each positive integer r, there exists a natural 
transformation Res r : W n — > W" 1 such that the diagram 

w 11 — > w n 



gh > gh 

Res r 



is commutative. Furthermore, if g(q) 1, then Res^" is uniquely determined by the above 
commutativity. 

Remark 6.4. In case of A 9 ^ and A m , (m G Z), the rth restrictions F^ ' and i 7 ^ , (m G 
Z), are defined in such a way that F^ A = @a° Res r ^ a and = G^oRes^oG" . 
It is easy to see that for any Z[g]-algebra A, 



fn— !_VfT ! 



6.2.2. Here we show that statements analogous to Proposition 16.21 and Corollary 16.31 hold 
for B 9 q and B m , respectively. 

Proposition 6.5. (a) Given a polynomial g(q) G 1\q\, there exists a natural transformation 
Res^ a : B 9 9 — > B 9 9 suc/i £/ia£ £/ie diagram 

& hot Rings & hot Rings 
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B m such 



is commutative. Furthermore, if g(q) ^ 1, then Resf a q) is uniquely determined by the above 
commutativity . 

(b) For each integer m, there exists a natural transformation Res r : B" 
that the diagram 

Res 3 " 1 

gh 



Res, 



-> gh 



is commutative. Furthermore, if m ^ 1, then Res^ is uniquely determined by the above 
commutativity. 

(c) For each ty-ring A and (a n )neN S B m (A), we have 



Resf ((a„)„ er 



1 



-E e 



d|(r 



nr 
de 



(6.2) 



n(EN 



Proof, (a) Let F = Z[(/][5' fc (a; n ) : k,n > 1]. Let X = (x„)„ e pj and define R = (R ra ) ne p 



using the following recursive relation: 

nR„=Ve[— 1 *^(x e )-V4 

, LeJ 9(?) ^ L 



9(9) 



(R d ), (n>l). 



In a recursive way, one easily sees that R„ G Q[q][^ d (xiH:) : d\nr]. Going further, we claim 
that R„ G Z [5] be ) : d\nr] for all n > 1. When (7(g) = 1, it is almost straightforward. 
On the other hand, when 17(g) 7^ 1, the only non-trivial part of the verification is to see 
that n(l — g(q))R n is divisible by n. To verify this it suffices to show n(l — g(q))R n = 
(mod p ord p(™)) for every prime divisor p of n. Indeed it is true since 

7i(l - g(q))R n = 2 e(l - ff (g)^)*^(x e ) - d(l - s(g) 5 )*9(R<i) 



e\nr 



,1 „ 



= Y,<^-9{q)^)^{x e )-W \^2d(l-g(q)%)^(R d 



1 n 



(mod p OTd »(™)) 
(mod p ord p(")) 



^e(l- 5 (g)^)^(x e )-^ ( $>(l-ff( ff )£)*?5(fl 

el — 

1 P 

(mod p ord '("'). 



The rest of the proof can be accomplished exactly in the same way as in Proposition! 

(b) Since the assertion can be verified by referring to the proofs of Proposition 16.11 and 
Lemma 15.51 we will give only a sketch of the proof. For every positive integer n, define R n 
via the relation 

Y, d \i\ = E4t1 *^(s e ), («>i). 

*— ■ ■* LuJm — L e J m 



WITT RING ATTACHED TO A POLYNOMIAL 



4!) 



Then one easily sees that R„ £ Z[^ d (x^) : d\n). Now, for any object A, define Res® A 
by (a„) ne N l— ^ (RnU d ^a ti )neN- Then the assignment A i— > Res^ induces a natural trans- 
formation ffes^ satisfying the desired property. For the uniqueness, refer to Proposition 

(c) Note that 

£45] *§(R d ) = ]T e ra („>l). 



'I' 

In view of Lemma 17.81 one has 
1 



e|nr 



R, 



fJ-m(d) 



d\n 

As a consequence, 



<-(/ 




Hm{d) 




e|nr 



d|(n,^) 




-j *-(a e ), 



as required. 

Remark 6.6. If m = 0, then Eq. (|6.3j) reduces 

1 



(6.3) 



□ 



R, 



E 



since 



E 



dl(, 



[r,e]—nr 

if(n,^)^l 

1 if(n, 2£) = 1. 



and (n, ^) = 1 if and only if n = ^r^y if and only if [r, e] = nr. 

6.3. Unitalness theorems. Given a ring-valued functor, say ? : 6 — > D, one of the most 
fundamental problems may be to determine whether < 3 : {A) is unital or not for each object A 
in C. In the rest of this section, we deal with this problem for our generalized functors. 

Proposition 6.7. Suppose g{q) =/= 1. Then the following hold. 

(a) Let A be a Z,[q]-algebra. Then V\f^ q (A) is unital if and only if 1 — g(q) is a unit in 

A. 

(b) Let A be an object of the category Z[q] ® <5 -Rings. Then B 3 q (A) is unital if and only 
if 1 — g(q) is a unit in A. 

Proof, (a) First, assume that \N 3 q (A) is unital. Let (e„) n eN be the unity of \N 9 ^ (A) 

and let (a n ) ne N be an arbitrary element in W (A). Since (e„) n gN • (a ri )neN = (a n )n£N, it 
holds that (1 — g(q))a\ei = oi. In particular, by letting ai = 1, we have (1 — g(q))ei = 1 So, 
1 — g(q) is a unit in A. For the converse, let us define E„ £ Q(q), (n > 1) via the following 
recursion 



£d(l-s(g)3)EJ 

d\n 



1, (n>l)- 



(6.4) 
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We claim that (1 — g(q)) n E n G Z[gj. The case where n = 1 is trivial since (1 — g(q))Ei = 1. 
If n > 1, assume (1 — g(q)) l Ei G Z[g] for all positive integers i < n. Let 

F 

for 1 < i < n. 



(1-0(9)) 

Multiplying both sides of Eq.(|6.4j) by (1 — g(q)) n yields 

n(l - .9(<Z))" +1 E„ = (1 - .9(g))" - | J2 d 0- - 5(9) 5 )EJ | ■ (6-5) 

\d<n 

Since G Z[g], the right hand side is contained in (1 — <?(<?) )Z[<7] and thus n(l — g(q)) n+1 E„ 
is divisible by 1 — 5(9). To see that n(l — g(q)) n+1 E n is divisible by n, choose any prime 
divisor p of n. Notice 

J2d(l-g(q)^!^J2 d ( 1 -(9(Q) P )*)(^ (modp OTd ^")) 

^^d(l-.g(^)*)(E d | 9 ^ P )* (modp OTd ^")), 

which holds since 

^d(l- 5 ^)*)((E d | g ^)*-(E^)*) =0 (modp ord ^")). 

On the other hand, in view of Eq. (|6.4p . one has 

Y,d(l-g(q p )%)(E d \^)% = 0--9(q p ))*■ 
As a consequence, 

n(l - ff(g))" +1 E„ = (1 - - (1 - ff (g*))f = (mod p°^)). 

The last equivalence follows from Lemma[3?2la). Now, we are ready to prove (1 — g(q)) n E n G 
1\q\. Let p' be a prime divisor of n(l — g(q))- In case where (p' , n) = 1 or (p', 1 — 5(9)) = 1, 
our assertion is trivial since n(l — g(q)) ((1 — g(q)) n E n ) is divisible by n and 1 — 3(9)- So wc 
assume (p', n) = (p' , 1 — (7(9)) = p'. Then, for every divisor d of n, it holds that 

d(l- 5 ( 9 )t) =y°^(«(l-9(9)) 

(refer to the proof of Lemma I3.3[) . Hence the right hand side of Eq. (|6.5p is divisible by 
yord p (ri(i-c/(<7)) ^ g Q quj . c j a j m j g vcr i ncc L Finally, set e n — E n ■ I a for all n > 1. By 

construction it is obvious that (e„) ne N is the unity of \N 9< " q \A). 

(b) The 'only if '-part can be shown as in the same way as in (a). For the converse, assume 
that 1 — g(q) is a unit. For all n > 1 define G Q(q) to be 

(l-5(g)) _1 ifn = l, 
otherwise. 

Set e„ = E„ • 1^4 for all n > 1. Then it is easy to see that J^din ^(1 — .9(9) ^) v f'^ i e d) = 1 for 
all n > 1. It says that (e„)„ e N is the unity of B^^^A). □ 
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Corollary 6.8. Suppose that to is an integer not equal to 1. Then the following hold. 

(a) Let A be an commutative ring with unity. Then W n {A) is unital if and only if 1 — m 
is a unit in A. 

(b) Let A be a ty-ring. Then B m (A) is unital if and only if 1 — m is a unit in A. 

Proof, (a) It follows from Proposition 16.71 by specializing q into to. 

(b) To prove the 'only if'-part, let (e„) n6 N be the unity of B m (A). Then, for any element 
(a n )„ e N £ B m (A), it holds that (1 — m)a\ei = a\. Since a\ is arbitrary, (1 — to) should be 
a unit in A. For the converse, define E„ £ Q (n > 1) via the following recursion 



(6.6) 



^d(l-m^)E d 1=1, Vn>l. 

i\n J 

We claim that (1 — to) 2 E„ € Z. If n = 1, then it is trivial since (1 — m)Ei = 1. For i > 1, 
assume (1 — m) 2 Ei e Z for all positive integers i < n. Due to the induction hypothesis we 
have 

/ 



n{l — m) 2 E„ = (1 — to) — 



(1 — to) 



5^d(l-rot)(l-m)E d 



d<n / 



Now, we will show that n(l — to) 2 E„ is divisible by n. Let p be any prime divisor of n. Then 
n(l - to) 2 E„ = (1 - to) -]T)d(l - mp3)(l - to) Erf (mod p ord f(™)^) 



'.'I- 



= (1 - to) - ^]d(l - mp3)(l - to) Erf (mod p ord f(™)^) 



= (1-to)-(1-to) ^^d(l-TO^)Erfj (byEq.([6l|)) 
= 0. 

Hence n(l — to) 2 E„ is divisible by n. Letting n(l — to) 2 E„ = nk for some fc £ Z tells us 



that E,- 



(l-m) 



7 . Set e„ = £"„ • 1a for all n > 1. Since ^ (to) = to for all fc > 1, we have 



* d (erf) = erf for every divisor d of n. It follows that 

^d(l-m5)*5(e d ) = K^d(l-mS)E d ] • 1 A = 1 A , (n > 1). 



Therefore we can conclude that (e„)„ e N is the unity of B (A). □ 
7. Relationship between Witt rings and necklace rings 

7.1. Connection between W 9 ' 9 ' and B 9 ^. Let Z[g] (8 A-Rings be the subcategory of 
Z[g] ® ^-Rings such that the objects are Z[q] -algebras equipped with the A-ring structure 
with ip n = \P™ for all n > 1 and the morphisms are Z[g]-algebra homomorphisms preserving 
A-operations. Therefore ip n (g(q)) = g(q n ) for all g(q) G Z[q] and n > 1. 
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Let E be the object of Z[q] ® A-Rings freely generated by x, thus E = Z[g][A n (a;) : n > 1]. 
For each positive integer n define M 9{q) (x,n) via the following recursive relation: 

£d(l - ff ( g )t)*3(M fl <«>(*,<*)) = (i -9(q) n )* n - 

d\ n 

Let p be a prime divisor of rt. Then, in view of (|5.5[) . we have 

n(l - .9(<z))M 9(9) (s, n) = (1 - fl(?) n )x n - ^ d(l - g(q) 5 (M 9(<z) (x, d)) 

d | ) i 

= {l-g(q) n )x n -J2 d 0-~ 9(q p )*)^(M 9iq \x,d)) 
= (l- fl ( ? ) n )x n - * p ( ^)d(l -.g( g )*)**(M 9(9) (a;,d)) 

= (l-ff(9) n )z n -**((l-<K?)2)s*) 

EE(l- 5 ( g )>»-(l-. g (^)f)^(x?) 
ee (1 - 5 (g) n ) (> - **(a;S)) (mod p ord P (")). 
Let n = p ord p(")n'. Then Lemma [2781 implies 

MOr-V^W) = ^y(x" - ^(xt)) e E, 

and which implies x n — tp p (xp) = (mod p ord p(™)). 

Let i? be an arbitrary object R of the category Z[q] ® A-Rings. Given an element r E R, 
let 7r : E — > i? be the unique ^[gj-algebra homomorphism preserving A-ring homomorphisms 
determined by r i— >■ x. Define M 9 ^- 1 (r, n) to be ^(M 9 ' 9 -* (x, n)) for all n > 1 and consider the 
map M 9iq) : R ->■ B 9(<?) (i?) sending r to (M 9(<?) (r, n)) neN . Finally, let us define the map 

n>l 



^(9) . W SWJ (jR) ^ gflWJ (jR); (fln)ngN ^ £ j ndn fl(M9 ( 9 ) (0n)) . 
Then we have 

Theorem 7.1. With the notation above, we have 

(a) For every object R of the category Z[q] (g> X- Rings, is a ring isomorphism with 

■^g(q) _ g(q) g(q) 
^R ~ PR ° T R ■ 

(b) The assignment R i-4 f 9 ^ induces a natural isomorphism 
Proof, (a) Note 



T ■ W oh Rings -> & \T,[q}®\-Rings- 



T R 9 \( a n)neft) — 



d <" / nEN 
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Since the coefficient of a„ is f , one can see in a recursive way that t 9 ^ is bijective. To see 
that $^ = Tp 9 ^ °T g ^ q \ choose any element (a„) n gN G W S 9 (i?). Then we have 

# o £ JhdrCM'W (o,.)) bY Pr ° P ' Jnd r o # (M«« (o,-)) 

r>l r>l 

= X>d P (((l- ff (?)>?) n > 1 ). 

r>l 

Note that Ind r (((l - g(q) n )a™) n >i) = (fe r ,„) neN , where 



-0(?)")or ifr|n, 
otherwise. 



Consequently the nth component of J2 r >i Ind r (M 9 ^ (a r )) is given by J2d\n d(l ~ 9{l)^) a d ■ 
(b) We have to check the commutativity condition. For any Z[g]-algebra homomorphism, 
f : R —¥ S, preserving A-operations, the diagram 



F 9(9) 



B 9(<?) |A-Rings(-R) — > B 9(<?) | A -Rmgs(<S), 

B fl( *Ws(/) 



is commutative since 



—9(q) ^\m9(<i) n pA-Rings/ t \((„ \ _„\ _ —3(l) / 



T 



s 



°w"%c; gs (/)((«n)^)=T j ((/K)kN) 

J2M 3(q) (f(a d ),n/d) 



nt-<i 



B 9(9) U-Rings(/)o4 (9) ((a„)„ eN ). 



□ 



Let R be an object of the category 1[q\ <£> A-Rings. Then the diagram 

B 9(?) \ m 9 A-Rin g s(i?) W ff(9) o F^f A - Ri -(i?) -°5-> A o fgj,* ^(R) 



C T 



gh ° A ^ Rinss ) (#) <-^— (gh o ^.M® A ~ Rings ) (R) f Gh o A - Ring5 j (R) 

is commutative. From the commutativity it follows that 



e fl o(r^ ) )- 1 ((a„)„ eN )= Hexp (a n )f 

n>l \r>l 



(7.1) 
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In particular, if rp r (a n ) = a n for all r,n > 1, then Eq. (|7.1[) is reduced to 

rx>l ^ ' 

Remark 7.2. Recently Kim and Lee [§] introduced the product identities of the following 
form: 

nf^r^+E^ (7-3) 

n>l V y ' n>\ 

where a n £ Z and 6„ G Z[q] for all n > 1. In order to interpret them ring-theoretically, let 
R = Z[q] be the A-ring with ip n (q) = q n , (n > 1). Let A q (R) = {1 + £„>i a„i™ : o„ G i?} 
be the ring such that the ring operations arc defined in such a way that 

f(t)+g(t) :=p{p-\f{t))+p-\g{t))) 

f{t)*g{t) :=p(p- 1 (f(t))*p- 1 (g(t))), 

where p : A q (R) -)• A«(i?), /(i) H- jL. In view of Eq.|E|, if a n G Z for all n > 1, then 

' 1 - t" 



poQ R o(T q R ) 1 ((a n ) n( z N ) = Y\ ( — 

Finally, let 1 + ^„>i : = P ° @fl ° (^|j) _1 ((an)rieN), Since p, 6^, rfj are isomorphisms, 
6„ G Z[g] for all n > 1 and thus we obtain Eq. (|7.3l) . 

Let g(q) G Z[g] \ {1} and let Q(q) be the filed of rational functions in q. Endow Q(q) 
with the \l/-ring structure such that ^ n (q) = q n (n > 1). For a positive integer n define 
/n(s) S Q(<?) via the following recursive relation: 

J2( 1 -a(i) 2k )^(f4q)) = \ 1 lfn = 1 ' (7-4) 

^ [0 ifn>l. 

Example 7.3. In #(g) = q, then /„(g>) = ^ for all n > 1. 

Let R be an object of the category 1\q\ <g> \I/-Rings equipped with Q[g]-algebra structure. 
Define 

vr-\^oF^^)(R)^ {q \R) 1 

\ d\n 

Proposition 7.4. Under the notation above, T) 9 R is the inverse oflp 9 ^. 
Proof. One can easily see that yf R is a bijection. Therefore we have only tc 
# ° VR q) = id- But this is trivial since for all (y„) neN G (gh o *- Rin s^ (#) ; 

#°^ (9) (2/«)= y£d(l-g{q)^)^ (±E/ # (g)*%)) ) 

\d\n \ e\d / J nen 

= (E (El 1 -^)^ (fl(q)) I *?(v e ) 



' riGP 



(z/r, 
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□ 



Corollary 7.5. For every positive integer n we have 

d | ? i 



1 if n = 1, 
ifra>l. 



Proof. 



Algebraic proof: Since ip a ^ q ' ((1, 0, 0, •••)) = ((1 — g(q)^))nen, we have 



Therefore we obtain the desired equality. 

Combinatorial proof: First, let us obtain a closed formula for f n {q) by exploiting the 
recursive relation (17. 411. 



cee(i,n) 



n 








d r -2 




d r -l 


A. 


g{i) 


A. 




dr-l_ 


g(q d ^- 2 ) 


d r 



where C = (1 = d r -< d, — 1-< -< ■ ■ ■ ~< di -< do := n) ranges over the set of all chains from 1 
to n. We now define f n {q) (n > 1) via the relation 



d\n 

Then the closed formula for f n (q) is given by 
1 



1 if n = 1, 
ifn>l. 



Uq) = 



l-g{q n ) 



cee(i,n) 



n 




dx 




d r -2 




d r -l 


A. 


g{q dl ) 


d2_ 


g(q d 2) 


d r -i _ 




d r 



g(qd r 



For C = (1 = d r -< dr-i^, -< • • • -< d\ ~< do := n) € 6(1, n) let C ro := (e r , e r -i, ■ ■ ■ , ex, eo) 



where e* 



(0 < i < r). Combining the equality 



n 




ei 




e r -2 




e r _i 


. e i_ 


gig" 1 ) 


. e 2_ 


9(9 e2 ) 


e r _i_ 


9(9 e ''- 1 ) 





dr-l 




d r -2 




'di 




n 


d r 


g(q^) 


d r -x _ 


g(q^) 


d2_ 


3(9^1) 


A. 



g{q) 

with the fact that C M> C rc induces a bijection on 6(1, n) yields f n (q) = fn(q) for all n > 1. 
This completes the proof. □ 

Remark 7.6. From ^> ((M 9(<3) (x, n)) neN ) = ((1 - ff(g) n )x™) neN it follows that 

U^\x,n) = -VM9)(l - .g(g d )5)^(x5). 
n ' 

In particular, if t/(g) = g, then 



M 9 (x,n) 



^/i d (g)V d (a;5) = [n] q M(x,n). 
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7.2. Connection between W m and B m . Let us define anNxN matrix £ m with entries 
in Z by 

'[fL if6 K 

otherwise. 

It is a lower-triangular matrix with the diagonal elements 1. Denote by fj, m the inverse of 



C™ (a, b) 





-<■•■ 


-< xo = 


~x ~ 








rn 





wt m (C) := (-iy 

Then it is easy to see /x m (&, a) = X)cee(a 6) w ^m(C) and /it m (6, a) = /j, m (b' , a') if b/a = b' /a' . 
For each positive integer n, let us define /U m (n) by /i, n (n, 1). Then the entries of \x m have 
the following properties. To begin with, let us introduce some notations. Given a positive 
integer n, a multiplicative composition of n, denoted by a 1= n, is an ordered sequence 
Q!2, . . . , a;) of positive integers with a\ ■ ai • ■ • ■ ot-i = n and 1 < I < n. In this case, I is 
called the length of a. Set [a] m = [ai] m [cx2}m • ■ • [cti] m - 

Lemma 7.7. Let a be a positive integer. For any multiple n of a, we have 

(a) ^(n,«) = Ea^(-l) i(a) " 1 Hm. 

(b) fi m (n,a) = fi m (ln,la) for every positive integer I. 



Proof, (a) Note that the (n, a)th entry of CmfJ-m equals 

1 if a = n, 

a|d|; 



otherwise. 



If a = n, then the desired result obviously holds. Assume the the assertion holds for all 
multiples of a less than n. Then 



E (e(-i)' w -'m™) 

a[d|n \al=4 / 

d<Ti \ a / 



(letting /3 = (ai,.. . , a /(ct) , ra/d). 



(b) It follows from (a). 

Define /Lt m (n) to be li m (n, 1), (n > 1). From Lemma 17.71 it follows that 
/x ro (n,l) = ^(-l)^" 1 ^]™ = /x m (nM), (V/ > 1). 

qNti 

For m ^ 1, let us define another N x N matrix £ TO by 

6(l-mt)^f5 if 6|a, 



□ 



Cm (a, 6) 







otherwise. 



Let /2 m be the inverse of Cm- Then we have the following lemma. 

Lemma 7.8. Let a be any positive integer. For any multiple n of a, we have 

/i m (n, a) = — - V « . 

n(l — m) 
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Proof. The (n, a)th entry of CmMm equals 



^2 di 1 p, m (d,a) = 

a\d\n 



id if a = n, 
otherwise. 



If a = n, then our assertion is trivial since fl m (a,a) = ^r^rjid. Now, we assume the our 
assertion holds for all multiples of a less than n. Then 



i(l-g)/i m (n,o) = - d(l-m*)^* o — — - £ 



(-l)'W-i[ a ] ro Uf 



□ 



Let R be a torsion free ^/-ring. For x £ R, let 



(((1 - m»)z»£ 6 



M m (x) := (M m (x,n)„ eN ) = 
where the superscript T denotes the transpose of a matrix. 

Remark 7.9. It should be noticed that M Tn (:c, n) is contained in Q®ii, not in i?, in general. 

Hence, for all n > 1, we have 

M m (x, ? i) = XI Am(", d)((l - m V) 



— ^ -V ju m (n,d)*5((l -?7i d )x d ) (by Lemma EH]) , 7 

nil — m) ^— ' I ' • 

v ; d\n 



5) 



''I' 

Utilizing the relation C m M m (a;) T = (((1 - m n )a; n ) n6N ) , we can derive the following recur- 
sive formula for M m (a;, n): 

V<i [51 ^(M m (x,d)) = [n] m x n , (n > 1). 

*-*' l dim 

d\n 

Let R be an arbitrary A-ring and let m be an arbitrary integer. For r E R and each positive 
integer n, let us define M m (r, n). To do this, we first consider the free A-ring generated by 
x, denoted by F(x). It is easy to see that F(x) = "L[\ k (x) : k > 1] (for instance, see p]). 
It is well known that F(x) is isomorphic to Ag, the ring of symmetric functions over Z in 
X\,X2, ■ • ., where the explicit isomorphism is given by 



F(x) -> A, A fc (x) ^ e k {x), (k > 1). 



Let 



M m (.T,n) = -V Mm (d)[51 ^(xt), (n>l) 



(7.6) 
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By definition it satisfies the recursive relation 

V> 3 (M m (M)) - [n] m x n , (n>l). 



d\n 



Lemma 7.10. Let F(x) be the free X-ring generated by x and m an integer. Then M ln {x 1 n) G 
F(x) for each positive integer n. 



Proof. Recall that 

nM m {x, n) = - V d [^1 ^ (M m (x, d)) + [n] m x n , (n > 1) 



d „ 

d<r. 



(7.7) 



First, assume 1-in / 0. To show that it is divisible by n, choose an arbitrary prime divisor 
p of n. Then 

n(l -m)M m {x,n) = - ]T d(l - to53 )^ (M m (x, d)) + (1 -m')x n (mod p ord ? ( ">) 

= -^ p ^d(l -m^)^^(M m (a;,d))j + (l-m>)x n (mod ?j ord ^ n > ) 

= ((1 - m?)xt)) + (1 - m?)z n (mod p ord f(™)) 
= (1 - m?) (.t™ - V p (x*)) (mod p ord p(")) 
= (mod p OTd P (")). 
The last equivalence follows from the fact that 

M°(x,p OTd ^ n h = — ^-rr(x p - ^ p {xp)) G F(x) (by Lcmma[M|)- 

Consequently we have shown that n(l — m)M m (x,n) is divisible by n and 1 — m. To see 
that it is divisible by n(l — to), let p be a prime divisor of n and 1 — to. Let 

n = p v n ', e? = p Q <i', and 1 — to = —p l k, where (n' ,p) = (d\p) = (fc,p) = 1. 

Since (1 — m%) = 1 — (1 +p l k) p ~ = (mod p u ~ a+l ), the product of the right hand side 
of Eq.(LZ|)) and 1 - m is divisible by p u+a . Hence n(l - TO)M m (x, n) is divisible by p v+a 
and thus we can conclude that it is divisible by n(l — to). 

If m = 1, then £ d |n ^ ( m1 (M)) = By Mobius inversion formula, one gets that 

M 1 (x,n) = J2KdW d (^), (n>l), 

d|n 

which are obviously contained in -F(x) (see Lemma |2.8|) . This completes the proof. □ 

For any A-ring R and r G R, let 7r : -F(a;) — ► i? be the A-ring homomorphism determined 
by the condition x H> r. Define M m (r, n) by 7r(M m (a-, n)). Let 



d|n 
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Theorem 7.11. Let m vary the set of integers. Then we have 

(a) For each X-ring R, t r is a ring isomorphism satisfying Q r R = ip R o t r . 

(b) The assignment R t— > t r induces a natural isomorphism 

T m. ]AT o F^ gs ^ BT\ x . Rings . 

Proof, (a) can be shown in the same way as in Theorem l7.1f a). To prove (b), let us observe 
that for a A-ring homomorphism / : R — > S, the diagram 

W m ° F^\R) ^i^> W m o F^\S) 

A-Rings 

B U-Rin E s(/) 

is commutative since 

o W m o F^(f)((a n ) neN ) = r^((/(a„))„ eN ) 

= (^M m (/(a rf ),n/d) 



/ \J2M m (a d ,n/d) ^ 

nefi 

= B m |A-Rings(/) ° T R ((a„)„ £ N)- 

Notice that the third equality follows from the fact that / is a A-ring homomorphism. □ 

We close this section by remarking that T 9 ^ q ' and r m are compatible with induction and 
restriction. To be more precise, we have 

Remark 7.12. (a) Let g(q) e 1\q\ and let R be an object of the category Z[q] <E> A-Rings. 
Then T 9 jj q) o Ind r , R = Ind r , R o T 9 R iq) and t 3 r (q) o Resf^ = Res^ R o T 9 R iq) for all r > 1. 

(b) Let raeZ and let i? be a A-ring. Then rjj 1 o Ind r ^ R = Ind r ^ R o r^ 1 and rjj 1 o Res r R = 
Rcs B ' R o rJJ 1 for all r > 1. 
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